ON HOMOGENEOUS AND SYMMETRIC CR MANIFOLDS 



ANDREA ALTOMANI, COSTANTINO MEDORI, AND MAURO NACINOVICH 



Abstract. We consider canonical fibrations and algebraic geometric struc- 
tures on homogeneous CR manifolds, in connection with the notion of CR 
algebra. We give applications to the classifications of left invariant CR struc- 
tures on semisimple Lie groups and of Ci?-symmetric structures on complete 
flag varieties. 

Introduction 

In this paper we discuss some topics about the CR geometry of homogeneous 
manifolds. Our main tool are CR algebras, introduced in |28j to parametrize hom- 
ogeneous partial complex structures. If M is a Go-homogeneous C-R-manifold, we 
associate to each point po of M a pair (00,1)7 consisting of the Lie algebra go of Go 
and of a complex Lie subalgebra of its complexification g. If p = g-po, with g G Go, 
is another point of M, the CR algebra of M at p is (go, Ad(g)(q)), so that q is de- 
termined by M modulo Go-equivalence. Several questions about the CR geometry 
of M can be conveniently reduced to Lie-algebraic questions about the pair (qo, q). 
This makes for a program that has already been started and carried on in several 
papers, see e.g. [TJ EJ EH [24], where the investigation focused on different special 
classes of homogeneous CR manifolds. In [20 ], W.Kaup and D. Zaitsev introduced 
the notion of Ci?-symmetry, generalizing at the same time the Riemannian and 
Hermitian cases, and showing that Ci?-symmetric manifolds are Ci?-homogeneous. 

In [231 [M] one of the Authors, in collaboration with ALotta, classified and 
investigated some classes of Ci?-symmetric manifolds. A key point was to represent 
the partial complex structure of M by an inner derivation J of go- The existence of 
such a J was a crucial step in the classification of semisimple Levi-Tanaka algebras 
in [35], and in establishing the structure of standard CR manifolds, which are 
homogeneous CR manifolds with maximal CR- automorphisms groups (see |26[l28j). 
In this paper we will delve further into the relationship between the existence of J, 
canonical CR fibrations, C-R-symmetry. 

In the first section we survey the basic notions of CR and homogeneous CR 
manifolds, including the J-property, C-R-symmetry, and explaining their relation- 
ship. 

In |j2l we discuss the existence of Levi-Malcev and Jordan-Chevalley fibrations, 
and the existence of suitable homogeneous CR structures on their total spaces, 
bases and fibers. These fibrations, interwoven with canonical decompositions of the 
CR algebras, were largely employed in [2Hl[37j, and also in [TJH] in the context of 
parabolic CR manifolds. Here they are considered in full generality. 

In [JSJwe study the inverse problem of constructing a Go-homogeneous CR man- 
ifold starting from an abstractly given CR algebra (flo,q)- This is not always 
possible, and the question arises to describe natural modifications of (go, q) leading 
to new Go-homogeneous CR manifolds. These are described in 
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The construction of i j4.5l was employed in [HE3 an d, like the one of ij4.4[ has a 
distinct algebraic geometrical flavor. Besides, algebraic groups played a central role 
in the study of parabolic CR manifolds in [HE]- Thus we consider CR manifolds 
in an algebraic geometric context in Sj4j We show that algebraic CR manifolds 
canonically embed into the set of regular points of complex algebraic varieties. An 
important distinction arises between algebraic and weakly-algebraic CR manifolds, 
the latter admitting analytic, but not algebraic, embeddings. 

In the two final sections we deal with special applications. In we extend 
to noncompact Lie groups some results of [9], classifying the regular left invariant 
maximal CR structures on semisimple real Lie groups. In SjHl we consider symmetric 
CR structures on full flags of complex Lie groups. They had been considered in [T5] 
in a slightly different context. In our treatment we use the CR algebras approach 
and we are especially interested in the relationship between Ci?-symmetry and the 
J-property. All the Ci?-symmetric manifolds of [23, 24 also enjoyed the J-property. 
We are in the same situation when we consider the complete flags of the classical 
groups. On the complete flags of the exceptional groups we found examples of 
Ci?-symmetric structures which do not enjoy even the weaker version of the J- 
property, and also examples of Ci?-structures enjoying the weak- J-property, but 
not the J-property. 

1. CR MANIFOLDS, CR ALGEBRAS, J-PROPERTY, CR- SYMMETRY 

1.1. CR manifolds. Let M be a smooth real manifold. A CR structure on M is 
the datum of an almost Lagrangian formally integrable smooth complex subbundle 
T°' X M of the complexified tangent bundle T C M. The subbundle T 0,1 M is required 
to satisfy: 



The rank n of T 0,1 M is the C R- dimension, and k = dimjjM — 2n the CR- 
codimension of M . If n = 0, we say that M is totally real; if k = 0, M is a 
complex manifold in view of the Newlander-Nirenberg theorem. 

When M is a real submanifold of a complex manifold X, for every p G M we 
can consider the C-vector space T® ,l M — T° ,:L X n T^M of the anti-holomorphic 
complex tangent vectors on X which are tangent to M at p. If the dimension 
of r°' x M is independent of p G M, then T°' l M = \J peU T%' l M is an almost 
Lagrangian formally integrable complex subbundle of T C M, defining on M the 
structure of a CR submanifold of X. If the complex dimension of X is the sum of 
the CR dimension and the CR codimension of M, the embedding M X is called 
CR-generic. 

A smooth map / : M' — > M is CR if M and M' are CR manifolds, and 
df(T 0,1 M') C T 0,1 M. The notions of CR immersion, submersion, diffeomorphism 
and automorphism are defined in an obvious way. The set of all CR automorphisms 
of a CR manifold M is a group that we denote by Ante r{M) . 

Definition 1.1 (Characteristic bundle and Levi forms). Let HM be the subbundle 
of TM consisting of the real parts of the elements of T 0,1 M. Its annihilator bundle 
H°M C T*M is called the characteristic bundle of M. We have 

(1.3) H®M = {£ G T;M I f (*) = 0, Vz g T^M }, for all p G M. 

If Zi, Z2 are smooth sections of T 0,1 M, and 2 a smooth section of H°M, all defined 
on an open neighborhood of p in M, with Zi(p) — Zi and H(p) = £, then we set 



(1.1) 
(1.2) 



T 0,1 M n T°- l M = 0, 
[T(M,T°' 1 M),T(M,T°' 1 M)] c L(M,r ai M). 



(1.4) 



£ ( (z 1 ,z 2 ) = idE(zi,z 2 ) 
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In this way we define a Hermitian symmetric form on T®>^M, which is called 
the scalar Levi form at £ G H°M . 

If Z is a smooth section of T 0,1 M defined on a neighborhood of p G M, with 
= z, we define 

(1.5) £ p (z) = ru p (i[Z,Z] p ), 

where w p : T P M — > T p M / H p M is the projection into the quotient. 

This map /3p : T p ' M — > T p M j H p M is the vector valued Levi form of M at p. 

1.2. Homogeneous CR manifolds. Let M be a smooth CR manifold and Go a 
Lie group. 

Definition 1.2. We say that M is a Go-homogeneous CR manifold if Go acts 
transitively on M by CR diffeomorphisms. 

Let M be a Go-homogeneous CR manifold. Fix po £ Af , let Io = {g G Go 
g • Po = Po} be the isotropy subgroup, and ir : G — > M ~ Go/Io the associated 
principal Io-bundle. Denote by 3 (Go) the space of smooth sections of the pullback 
tt*T ^M of T°' X M to G : 

(1.6) 3(G ) ={Z6 X C (G ) | vr»Z 9 G T°^M, V.g G G }, 

where X (Go) is the space complex valued smooth vector fields on Go- By (|1.2p . 
the complex system 3(Go) is formally integrable, i.e. 

(1.7) [3(G ),3(Go)] C3(G ). 

Moreover, 3(Go) is invariant by left translations, and therefore is generated, as a 
left C°°(Go, C)-module, by its left invariant vector fields. 

Let Qo be the Lie algebra of Go and g its complexification. By (11. 7|) . the left 
invariant elements of 3(Go) define a complex Lie subalgebra q of q, given by 

(1.8) q = ^- 1 (T p yM)c ^T e c G o . 
We can summarize these observations by 

Proposition 1.3. Let Go be a Lie group, Io a closed subgroup of Go, go = Lie(Go) 
and io = Lie(Io) their He algebras. Then (|1.8p establishes a one-to-one correspon- 
dence between Go-homogeneous CR structures on M = Go/Io and complex Lie 
subalgebras q of q with q H go = io- D 

This lead us to introduce the notion of a CR algebra in [2"8"] . 

Definition 1.4. A CR algebra is a pair (go, q), consisting of a real Lie algebra go 
and of a complex Lie subalgebra q of its complexification g, such that the quotient 
go/(q fl go) is finite dimensional. The real Lie subalgebra io — q H go is called the 
isotropy subalgebra of (go,q)- 

If M is a Go-homogeneous CR manifold and q is defined by (|1.8[) . we say that 
the CR algebra (go, q) is associated with M . 

Remark 1.5. The Ci?-dimension and CiZ-codimension of M can be computed in 
terms of its associated CR algebra (go, q). We have indeed 

(1.9) CR-dimM = dim c q - dim c (q n q), 

(1.10) Ci?-codimM = dimcg - dimc(q + q). 

The CR algebra (go,q), is totally real when CR-dimM = 0, totally complex 
when Ci?-codimAf = 0. 
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The scalar and vector valued Levi forms of a Go-homogeneous CR manifolds 
can be computed in terms of the Lie product of g, by using Go-left-invariant vector 
fields. Indeed, for p E M, £ € HpM, we have 

(1.11) Cz{z 1 ,z 2 ) = -iTr*(Q([Z*,Z*})tfZ 1 ,Z 2 €q, and tt*(Z*) p = Zi , 

(1.12) C p (z) =w p (ir*(i[Z*,Z*])) if Z e q, and tt*(Z*) p = z, 

for z,Z\,Z2 6 T^M, $EH°M; 

here Z*, Z*, Z| are the left invariant vector fields of Z, Zi, Z 2 E q. 

The natural isomorphism between T po M/ H po M and the quotient e = go/({q + q} H 
go) makes £ Po (z) correspond to the projection of i[Z,Z] into e. 

Definition 1.6. Consider a CR algebra (go,q). Let £iec(g) be the set of complex 
Lie subalgebras of g. We recall that (go, q) is called: 

fundamental if q' e £lec(fl), q + q C q' =$■ q' = g 

weakly nondegenerate if q' G £iec(g), q C q' C q + q ==> q' = q 

Levi-nondegenerate if {Z E q | ad(Z)(q) C q + q} = q H q, 

effective if no nontrivial ideal of go is contained in io. 

If M is a Go-homogeneous CR manifold with associated CR algebra (go, q), the 
above properties are related to the CR geometry of M (see e.g. [I]) by: 

(1) (go, q) is fundamental if and only if M is of finite type in the sense of Bloom 
and Graham (see [B]). 

(2) (go, q) is Levi-nondegenerate if and only if the vector valued Levi form of 
M is nondegenerate. Levi-nondegeneracy implies weak nondegeneracy. 

(3) (go, q) is fundamental and weakly nondegenerate if and only if the group 
of germs of CR diffeomorphisms at po E M stabilizing po is a finite dimen- 
sional Lie group, i.e. if and only if M is holomorphically nondegenerate 
(see e.g. 0, [13]) . 

(4) A fundamental (go, q) is weakly degenerate if and only if there exists a local 
Go-equivariant CR fibration M —> M', with nontrivial complex fibers. 

(5) Effectiveness means that the normal subgroups of Go contained in the 
isotropy Io are discrete. 

Let go, Qq be real Lie algebras and q, q' complex Lie subalgebras of their complexifi- 
cations g, g'. A Lie algebra homomorphism <fio go g is a CR algebras morphism 
from (go, q) to (g , q') if the complexification (j> of cf>o transforms q into a subalgebra 
of q'. The pair ((j> , <p) is 

a CR algebras immersion if _1 (q' n q') = q n q, 4>^ 1 (q') = q, 

a CR algebras submersion if 0(g)+q' fl q' = g', 0(q) + q' H q' = q', 

a CR algebras local isomorphism if it is at the same time 

a CR algebras immersion and submersion. 

The CR algebra (g ', q") with g ' = fa 1 (q' (~) g ) and q" = q n ^(q' n q') is the 
fiber of [fo, 0) : (g , q) -> (g , q')- 

When go = g , q C q', and fa is the identity, the corresponding morphism 
(flo, q) — * (flo, q') is said to be Qo-equivariant (see [55])- 

If M and M' are homogeneous CR manifolds with associated CR algebras (go, q), 
(g ,q'), local CR maps that are local CR immersions, submersions or diffeomor- 
phisms, correspond to algebraic CR morphisms of their CR algebras that are CR 
algebras immersions, submersions, or local isomorphisms, respectively, and vice 
versa. 
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For later reference, it is convenient to restate [351 Lemma 5.1] in the following 
form. 

Proposition 1.7. Let Io C 1' be closed subgroups of a Lie group Go- Let io,io,0o 
be the Lie algebras o/To,I ,Go, and\,\' ,q their complexifications, respectively. Let 
(go,q) be a CR algebra, defining a Go-invariant CR structure on M = Gq/Iq. 
Then a necessary and sufficient condition for the existence of a Go-invariant CR 
structure on M' = Gq/I making the Go -equivariant map tt : M — > M' a CR 
submersion is that: 

(1.13) q' = q + i' is a Lie algebra, and q' (~l go = io- 

When (|1.13[) holds, it defines the CR algebra (go,q') a& p' = [Io] which defines 
the unique Go-homogeneous CR structure on M' for which M —* M' is a CR 
submersion. 

1.3. The J-property. Let M be a CR manifold. Its partial complex structure is 
the vector bundle isomorphism J : HM — ► HM that associates to X p G H p M the 
vector JX p G H p M for which X p + iJX p G T°' X M. 

Let M be Go-C-R-homogeneous, with CR algebra (0o,l) at po G M, and set 
2Jo = {ReZ | Z G q}. The partial complex structure of M yields a complex 
structure on 2Jo/io> via its canonical identification with H po M. This is the partial 
complex structure of (go, q)- 

Definition 1.8. We say that (flo,q) has the J-property if J G Der(go) can be 
chosen in such a way that 

(1.14) J(io)cio, X + tJ{X)eq, VXeWo- 

We say that a CR algebra (go, q) has the weak- J -property if there is J G Der(g ) 
such that, for T = Ad(exp(7r J/2)), 

(1.15) T(t )=io, X + iT(X)eq, VX G 2J . 

If J G Der(flo) satisfies (HUH), then T = Ad(exp(?r J/2)) satisfies (TTT5]) , Hence 
the first condition is stronger than the second. 

Remark 1.9. Conditions (|1.14[) and (|1.15p can also be expressed in terms of the 
complexifications of J, T. Namely, denoting by the same letter also their complex- 
ifications, they are equivalent to 

(HH' J(q)cq, Z-iJ(Z) G q n q, VZ G q, 

UnU' T(q)=q, Z-iT(Z) g q n q, VZ G q. 

For a map A G 0t(0o) , denote by A s and A n its semisimple and the nilpotent 
parts, respectively. If A G Der(go), then also A s and A n are derivations of go (see 
e.g [HI §4.2, Lemma b]). 

Proposition 1.10. Let (go,q) be a CR algebra, and J G Der(go)- If J satisfies 
(TTTII) . then also J s satisfies (fTTi|) . If T = Ad(exp(?r J/2)) satisfies (fTT5|) . then 
also T s = Ad(exp(7r J s /2)) satisfies (|1.15p . 

Proof. Indeed, Ad(7rJ s /2) is the semisimple part of Ad(-7rJ/2). Since J s and T s are 
polynomials of J, T, respectively, (| 1 . 14|) / for J implies (|1.14jl / for J s , and likewise 
(TTIISl)' for T implies (fTTT5|) / for T s . □ 

As a consequence, we can always assume in Definition 1 1 . 81 that J be a semisimple 
derivation of go . 
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1.4. Symmetric CR manifolds. Let M be a CR manifold, with partial complex 
structure J. A Riemannian metric g on M is C R- compatible if g(JX p , JX p ) = 
g{X p ,Xp) for all p £ M and X p £ H p M. Let <9(M) be the Lie algebra of real 
vector fields generated by T(M, HM) and Q p M = {X p \ X £ O(M)}. Note that 
Q p M = T p M when M is of finite type in the sense of Bloom and Graham. Denote 
by Q p M the orthogonal of Q p M in T p M for the Riemannian metric g. 

Definition 1.11 (see [20]). Let M be a Ci? manifold, with a Ci?-compatible 
Riemannian structure. We say that M is Ci?-symmetric if, for eachp £ M, there is 
an isometry a p : M — > M that fixes p, is a CR map, and whose differential restricts 
to -Id on H p M QQp-M. 

In [20J Proposition 3.6] the Ci?-isometries of a symmetric Ci?-manifold M are 
proved to form a transitive group Go of transformations of M . 

Given a CR algebra (go, q), let (fr be the Lie subalgebra of g generated by q + q. 

We recall that a subalgebra to of go is compact if the Killing form of go is negative 
definite on to . We say that a subalgebra io of go is almost compact if there exists 
a decomposition io = to © to with to compact in go & n d to contained in the kernel 
of the Killing form of go. 

Definition 1.12. We say that (go,q) is Ci?-symmetric if io = q H go is almost 
compact in go , and there exists an involution A of g with 

M ... A(g ) = g , ker(Id-A) C q\ A(q) = q, 

(1.16) 

Z + X{Z) £ qflq, VZe q. 
Conditions (|1.16p imply that 
(1.17) [Zi,Z 2 ]€qnq, VZ u Z 2 £q. 

The involution A is equivalent to the datum of a Z2-gradation 

(1-18) fl = 0(o)ffifl(i)7 [fl(i)>0(i)] C 3(i+j)> 

where (i) denotes the congruence class of i £ Z in Z2, compatible with (go,q). 
Compatibility means that: 

'g (0) cq^, qng (0) cqnq, 
(1-19) < q = (qng (0) )©(qng (1) ), 

k 0o = (flo rifl(o)) © (go ng ( i } ). 
The involution A and the Z2-gradation (|1 . 18|) are related by 
(1.20) ( o) = {Z £ g I \{Z) = Z}, ={Z £q \ \{Z) = -Z}, 

and (|1.16[) , (|1.19p are equivalent to define the Ci?-symmetry of (go,q)- 

Proposition 1.13. Let (go, q) be a fundamental CR algebra with io almost compact, 
and having the weak- J -property. If J(%o) = 0, then (go,q) is CR- symmetric. 

Proof. Indeed, by the assumptions, the automorphism A = Ad(exp(7rJ)) is an 
involution of g that satisfies (|1.16|) . □ 

Proposition 1.14. Let M be a C ' R-manifold. Assume that M is C R-symmetric 
for a C R-compatible Riemannian structure. Let Go be the transitive group ofCR- 
isometries of M , and (go,q) the corresponding CR algebra of M at po £ M. Then 
(go,q) is CR-symmetric. 

Vice versa, if M is a Go-homogeneous CR manifold, having at a point po £ M 
a CR algebra (go, q) which is C R-symmetric, and the analytic subgroup tangent to 
io is compact, then there is a compatible Riemannian metric on M for which M is 
CR-symmetric. □ 
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2. Levi-Malcev and Jordan-Chevalley FIBRATIONS 

2.1. Ao-fibrations. Let Go be a Lie group, go its Lie algebra, do an ideal of go, 
and Ao the corresponding analytic normal subgroup of Go. 

Definition 2.1. Let M = Go/Io be a homogeneous space of Go- If the subgroup 
Aolo is closed in Go, we call the Go-equivariant fibration 

(2-1) M = Go/Io — =— > M' = G /(A Io) 

the A.q -fibration of M. 

Assuming that M admits an Ao-fibration (12. ip . we will discuss the existence of 
compatible Go-homogeneous CR structures on M = Go/Io and M' = Go/(AoIo). 
Denote by a the complexification of do- 

Proposition 2.2. Let (go, a), with q PI go — io, be a CR algebra defining a Go- 
homogeneous CR structure on M, and assume that the subgroup Aolo is closed. 

A necessary and sufficient condition for the existence of a Gq -homogeneous CR 
structure on M' = G/(AoIo), making the Ao-fibration (|2.1|) a CR map is that: 

(2.2) q n q + a = (q + a) n (q + a) . 

Assume that (|2.2|) is satisfied and define the CR structure on M' by (go, a'), with 
q' = q + a. Then: 

(1) (|2.1[) is a Go-equivariant CR fibration. 

(2) Its typical fiber F is the Ao-homogeneous manifold Ao/(Ao PI Io), having 
an Ao -homogeneous CR structure defined by the CR algebra (oo,q H a). 

Proof. By Proposition II. 31 the Go-homogeneous CR structures on M' are in one- 
to-one correspondence with the CR algebras (go, q'), with isotropy i' — q'flgo equal 
to (io + ao). The map tt : M -> M' is CR if q C q'. Thus (i + do) C (q n q + a) C q', 
and q + a C q'. By Proposition 11.71 the map ir : M — » M' is a CR submersion 
if and only if the last inclusion is an equality. Finally (1) and (2) follow by [23 
§5]. □ 

Proposition 2.3. We keep the notation above. Assume that (go,q) has the weak- 
J -property and that ao is T -invariant. Then: 

(1) Condition (|2.2p is satisfied. 

(2) The basis (go, q + a) and the fiber (ao, a H q) of the Ao-fibration enjoy the 
weak- J -property . 

If we assume that (go, q) has the J -property, then both the basis and the fiber of the 
Ao-fibration enjoy the J -property. 

Proof. Let J £ Der(go) be such that T = Ad(exp(7r J/2)) satisfies fj 1 . 1 5|) . 

(1) We only need to prove the inclusion (q + a) n go C io + ao- An element A 
of (q + a) n g is a sum A = (X + iY) + (U - iY), with X,Y,U G g , X + iY G q 
and U, Y G ao- Since both Y — iX and Y + iT(Y) belong to q, we obtain that 
X + T(Y) G q n go = io- Moreover, T(Y) G ao, because ao is T-invariant. Hence 
A = (X + T(Y)) + (U- TOO) e io + ao. 

(2) The subalgebras q + a and (q fl q) + a are T-invariant. Thus T yields multi- 
plication by i on the quotient (q + a)/((q n q) + a). This proves the statement for 
the base. The statement for the fiber is trivial. 

The last statement can be obtained by repeating with minor changes the argu- 
ments used above for the proof of (2). □ 

We will apply the results above to the cases where ao is either the radical or the 
nilpotent radical of go- 
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2.2. The Levi-Malcev fibration. Let go be a real Lie algebra and to its radical. 
The Levi-Malcev decomposition of go has the form 

(2.3) flo = t ©s , 

where So is a semisimple Levi factor of g , i.e. a Lie subalgebra of g isomorphic to 
the quotient goAo- 

Let Go be a Lie group with Lie algebra go- Its radical Ro is its maximal con- 
nected solvable subgroup, and equals its analytic Lie subgroup with Lie algebra 
to- 

Definition 2.4. Let M = Go/Io be a homogeneous space of Go. If Rolo is a 

closed subgroup of Go, we call the Go-cquivariant fibration 

(2-4) M = Gq/Io — =— M' = Go/Rolo 

the Levi-Malcev fibration of M. 

Example 2.5. Not all homogeneous spaces admit a Levi-Malcev fibration. Take, 
for instance, G = SU(3) x K+ and I = {(exp(iAT), e*) | t E M.} for X = 
i diag(a, (5, 7), with a, /3, 7 £ K, a + f3+j = 0, and a, [3 linearly independent over Q. 
Let Ro be the radical of Go- Then I is closed, but Rolo = {(exp(tX), e s ) \ t, s E M} 
is not closed in Go- 

Example 2.6. Let So be a semisimple real Lie algebra and Vq a nontrivial real 
irreducible So-modulc. Let go = So © Vq be the Abelian extension of So by Vq. Its 
Lie algebra structure is defined by 

[Xi + v u X 2 + v 2 ] = [X 1 ,X 2 ] + X 1 -v 2 -X 2 -v 1 
for X X ,X 2 E S , vi,v 2 E Vq. 

Radical and nilradical of g are both equal to Vb — © Vq, and So — So © C go 
is a Levi subalgebra and a reductive component of go- Then go = So © Vq is a 
Jordan-Chevalley and a Levi decomposition of go, at the same time. 

Fix a connected semisimple Lie group S with Lie algebra So, to which the 
representation of So on Vb lifts. The product 

{91, vi) ■ (g 2 ,v 2 ) = (g 1 g 2 ,v 1 +gi(v 2 )), for g x , g 2 E S , v l7 v 2 eV , 

defines on Go = So x Vo the structure of a Lie group with Lie algebra go and radical 
Ro = {e So } x V . 

Let s and V be the complcxifications of So and Vb, respectively, so that g = sffi V 

is the complexification of go- 
Fix a closed subgroup A of So, with Lie algebra Oo- The stabilizer I of any 

vector v E Vb in A is a closed subgroup of So and hence of Go- Let M = Go/Io — 

(So/Io) x Vb be endowed with the Go-homogeneous CR structure defined by (g , q), 

for 

q = C • {X + iX ■ v I X E a } C g. 
With a equal to the complexification of Oo, we have: 

to = q H g = q n s = {X E a I X ■ vo = 0}, 
q + V = a © V, 
q + q = affiC • (a - v ) . 

Hence the CR algebra (g , q + V), corresponding to the basis of the Go-equivariant 
map M — > N = G /(A x Vb), is totally real and locally CR isomorphic to (s , a)- 
The fiber F is an (AoxVb)-homogeneous CR manifold, with CR algebra (do©Vb, q). 
Thus, if do ^ to, there is no G -homogeneous CR structure on M' = G /RoIo such 
that the fibration M — > M' is an equi variant CR submersion. 
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The Levi subalgebras of Qo are parametrized by the elements of V$: 
= {X + X ■ v | X G s }, for v G V . 

We have 

a£° n q ={X G So I X(v ) = 0, X(v) = 0} C to, 

s M n q ={ Z G s | Z(«o) = 0, = 0} = (4^ n q) C , 

so that, for every choice of v £ Vq, the CR algebra (s v \ qRs^) is totally real. Thus, 
if ao i= io, there is no Levi factor in g such that (s "\ (l Hs'"')) ~ (go, 1 + ^0- 

In [27J the homogeneous Ci? manifolds M with (go, q) of Levi-Tanaka type were 
shown to admit a Levi-Malcev fibration; (|2.4p is in this case a Ci? submersion with 
basis and fiber having both CR structures of Levi-Tanaka type. Example 1 2 . 61 shows 
that, even when it does exist, we cannot expect to find, on the basis M' of the Levi- 
Malcev fibration (|2.4p of a Go-homogeneous CR manifold M, a Go-homogeneous 
CR structure that makes (|2.4[) a CR map. We have, by Proposition ^. 21 

Corollary 2.7. Assume that the Go-homogeneous CR structure of M = Go/Io 
is described by the CR algebra (flo,q) that M admits the Levi-Malcev fibra- 
tion (|2.4p . TTien a necessary and sufficient condition for the existence of a Go- 
homogeneous CR structure on M' , making (|2.4p a CR map, is that 

(2.5) qnq + r= (q + r)n(q + r). 
Moreover we obtain: 

Theorem 2.8. Suppose that (|2.5p is valid, and consider on the basis M' of the 
Levi-Malcev fibration (|2.4p the Go-homogeneous CR structure defined by (Qo,q'), 
with q' = q + r. Then: 

(1) M' is an So-homogeneous CR manifold M' ~ So/(So fl Rolo), wii/i CR 
algebra (so,s fl q'). 

(2) The fiber of (I2.4p is i/ie solvmanifold F ~ Ro/(Ronlo), withRo-homogeneous 
CR structure defined by (to,t fl q). 

J/(0o>l) ftas i^e weak- J -property (resp. the J -property) then: 

(3) Condition (|2.5p is satisfied. 

(4) 5oi/« i/ie feasis M' and i/ie /i&er i* 1 o/ i/ie Levi-Malcev fibration enjoy the 
weak- J -property (resp. the J -property). 

Proof. The result follows from Propositions 12.21 and 12. 3[ after noticing that ro is a 
characteristic ideal, hence J-invariant. □ 

2.3. The Jordan-Chevalley fibration. An algebraic group G over a field k al- 
ways contains a maximal normal solvable subgroup R* . The connected component 
R of the identity in R* is the radical of G. The set N of unipotent elements of 
R is a connected normal subgroup of G, called the unipotent radical of G. The 
algebraic group G is reductive when its unipotent radical is trivial. 

If the field k is perfect, any algebraic group G over k admits a Jordan-Chevalley 
decomposition (see e.g.[71 [T2l 129) ), i.e. there is a maximal reductive subgroup L of 
G such that 

(2.6) G = NxL. 

For the proof of the following Lemma, see e.g. [T51 Ch.VII, Lemma 1.4]. 

lr This means that all algebraic extensions of k are separable. This is equivalent to the fact that 
cither k has characteristic 0, or, having positive characteristic p, every element of k admits a p-th 
root in k. 
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Lemma 2.9. Let g C g[(n,k) be a linear Lie algebra, n an ideal and a a subalgebra 
of q. Lf all the elements of n U o are nilpotent, then all the elements of a + n are 
nilpotent. □ 

Proposition 2.10. Let G be an algebraic group over a perfect field k and N its 
unipotent radical. Lf I is an algebraic subgroup of G, then also N I is an algebraic 
subgroup of G. 

Proof. Let n and i be the Lie algebras of N and I, respectively. Let U be the 
unipotent radical of I and u its Lie algebra. By Lemma 12. 9[ the sum n' = u + n is 
a nilpotent subalgebra of g. The set 

(2.7) G" = {. 9 gG| Ad( ff )(n')=n'} 

is an algebraic subgroup of G containing I. Let g" be its Lie algebra and n", which 
is contained in g", that of the unipotent radical N" of G". The analytic subgroup 
N' corresponding to n' is a normal subgroup of G" consisting of unipotent elements. 
Hence N' C N", and therefore N' is Zariski-closed and algebraic in both G" and 
G. 

If I = L' K U is a Jordan-Chevalley decomposition of I, then we obtain a de- 
composition N I = L' k N'. Hence NI is algebraic, being a semidirect product of 
algebraic subgroups of G. □ 

Definition 2.11. Let Go be a real algebraic group, with unipotent radical No. If 
Io is an algebraic subgroup of Go, then by Proposition 12. 101 also Nolo is algebraic. 
The Go-equivariant fibration 

(2.8) M = Go/Io ► M< = Gq/NoIo 

is called the Jordan-Chevalley fibration of M . 

In this setting, Propositions 12.21 and 12 .31 yield the following result. 



Theorem 2.12. Let Go be a real linear algebraic group and No its unipotent 
radical. We denote by Qq, no the Lie algebras o/ Go, No, and by g, n their com- 
plexifications, respectively. 

Let M = Go/Io, for an algebraic subgroup Iq, have a Go-invariant CR structure 
defined by the CR algebra (go,q). 

A necessary and sufficient condition in order that there exists a Go-homogeneous 
CR structure on the basis M' = G/Nolo of the Jordan-Chevalley fibration, making 
(|2.8p a CR map is that: 

(2.9) qf1q + n= (q + n)n(q + n). 

Assume that (|2.9[) is satisfied and consider on M' the CR structure defined by 
(go, q') with q' = q + n. Then: 

(1) lUD is a CR fibration. 

(2) Its typical fiber F is the nilmanifold No/ (No nLj), with anNo-homogeneous 
CR structure defined by the CR algebra (no, q PI n). 

(3) The basis M' — Go/Nolo is an "L^-homogeneous CR manifold, associated 
with the CR algebra (lo, [[~l(q+n)) 7 where Lo is a maximal reductive subgroup 
of Go, to its Lie algebra, and [ its complexification. 

7/(go,q) has the weak- J -property (resp. the J -property) then: 

(4) Condition (|2.9j) is satisfied. 

(5) Both the basis M' and the fiber F of (|2.8p enjoy the weak- J -property (resp. 
the J -property) . 



Proof. The first part of the statement is a consequence of Proposition 12. 21 Finally, 
(1), (2), (3) follow by [28l §5], and (4), (5) because no is a characteristic ideal. □ 
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3. Attaching homogeneous CR manifolds to CR algebras 

3.1. CR manifolds associated to a CR algebra. Let us consider the question 
of the existence of homogeneous CR manifolds associated with a given CR algebra 
(flo, q). 

Definition 3.1. A CR algebra (go, q) is factual if there exists a real Lie group Go, 
with Lie algebra go, an d a closed subgroup Io of Go with Lie algebra io = q n go- 

We have: 

Theorem 3.2. Let (go,q) be a CR algebra, Go a connected and simply connected 
real Lie group with Lie algebra go, and Io its analytic subgroup with Lie algebra 
k) = 1 H go- Then (go, q) is factual if, and only if, Iq is closed in Gq. 

Proof. The statement is a special case of a general fact, only involving homogeneous 
spaces. If Go is any connected Lie group with Lie algebra go, containing a closed 
subgroup Io with Lie algebra io, then the universal covering M of the homogeneous 
manifold AI = Go/Io is Go-homogeneous, and of the form Go/Io, for the analytic 
Lie subgroup Io of Go corresponding to the Lie subalgebra io. The subgroup Io is 
the connected component of the identity of the inverse image of Io for the covering 
map Go — * Go, hence closed when Io is closed. □ 

Example 3.3. Let Go be a connected compact Lie group, with a simple Lie algebra 
go, of rank I > 2. Fix a Cartan subalgebra [)o of go and let 1Z be the corresponding 
root system for the complcxification g of go. Fix a lexicographic order "-<" of 
7Z and let a±, . . . , otg be the basis of positive simple roots, and H ai , . . . , H at the 
corresponding elements of it)o- Fix ci, . . . ,q G R, linearly independent over the 
field Q of rational numbers. Set H — c\H ax + ■ ■ ■ + C(H ae , and take q = C • H + 
Ea^ofl"' where g Q C g is the root space of a G TZ. Then (go,q) is fundamental 
and Levi-nondegenerate, but the analytic subgroup Io = {exp (itH)\t G M} of Go, 
corresponding to io = q R go = iM • H, is not closed. Its closure coincides with the 
Cartan subgroup Ho of Go with Lie algebra t)o- We note that its Go-closure (see 
p.2jl is q Go = q + Ch . It is a Borel subalgebra of g, and (go,q G °) is the totally 
complex CR algebra of a complex flag manifold. 

3.2. The Go-closure of a CR algebra. We may canonically associate to every 
CR algebra a factual CR algebra. 

Proposition 3.4. Let Go be a Lie group with Lie algebra go, and (go,q) a CR 
algebra. Letl® C Go be the analytic subgroup o/io = qHgo- Denote byl^ the closure 
of Iq in Gq, by i G ° C go the Lie algebra of Tq and by i G ° its complcxification. Then: 

(1) q G ° = q + i G ° is a complex Lie subalgebra of the complexification g of go, 
which contains q as an ideal. The quotient q G °/q is Abelian. 

(2) // i' is any real linear subspace of go with io C i C i , and x 1 its com- 
plexification, then q' = q + i' is a complex Lie subalgebra of g and the 
go -equivariant map (go,q) — * (flo,q') is an algebraic CR submersion, with 
Levi-flat fibers. 

(3) //(go,q) is fundamental, and q' is as in (2), then also (go,q') is fundamen- 
tal. 

Proof. Since Ad(g)(q) = q for all g £ Iq, we also have Ad(g)(q) = q for all g e Iq. 
This implies that ad(X)(q) C q for all X G i G °, hence q G ° = q+i G ° is a complex Lie 
subalgebra. Clearly q is an ideal in q G ° and q G °/q is Abelian. Indeed the equality 
[i Go ,i G ] = [i ,i ] C i (see e.g. \M Chap.2, §5.2]) implies that [q G °,q G °] = q. 
Hence, if io C i C i^ , we obtain [i ,i ] C io- Therefore q' defined in (2) is a 
complex Lie subalgebra of g c , and the g-equivariant map (go,q) — * (flo,q') is an 



12 



A. ALTOMANI, C. MEDORI, AND M. NACINOVICH 



algebraic CR submersion, with Levi-flat fibers. Finally, (3) is obvious from the 
inclusion q C q'. □ 

Keeping the notation of Proposition ^. 41 we give the following: 

Definition 3.5. Let (go, q) be a CR algebra and Go a Lie group with Lie algebra 
go- The CR algebra (go, q G °) is called the G -closure of (go, q) (cf. [3UJ pp. 53-54], 
where i^ is called the Malcev- closure of io). 

Proposition 3.6. Let (go,q) be a weakly nondegenerate CR algebra, i' any real 
linear subspace of go with io C i C , and denote by i' its complexification. Set 
q' = q + i'. Then the go-equivariant algebraic-C R submersion (go, q) — > (go, q') has 
totally real fibers. 

Proof. Indeed, the intersection do = i' H (q + q) is a real Lie subalgebra that 
normalizes q, hence q" = q + o, where a is the complexification of Oo, is a complex 
Lie subalgebra of g. Since q C q" C q + q, the assumption that (g, q) is weakly 
nondegenerate implies that q" = q. Then do C q and ao C io, and the fiber of the 
go-equivariant CR map (go, q) — > (go, q') is (ioj oHq) = (i , a), thus totally real. □ 

4. Real analytic and algebraic CR manifolds 

4.1. CR submanifolds of analytic spaces. A Go-homogeneous CR manifold is 
real analytic, hence it can be realized as a generic CR submanifold of a complex 
manifold (see e.g. [3J GH]). Let us consider, in general, the embedding of a real 
analytic CR manifold into a complex space. 

Definition 4.1. Let M be a real analytic CR manifold, N a complex space, and 
<j> : M °-> N a real analytic map. The structure sheaf On oi germs of holomorphic 
functions on N pulls back to a subsheaf 4>*{On) of the sheaf Am of germs of 
complex valued real analytic functions on M. Let Om be the sheaf of germs of real 
analytic CR functions on M. We say that <j> is 

(1) a CR map if 4>*(On) is contained in Om, 

(2) a CR immersion if <j)*(0 N ) = O m , 

(3) a generic CR immersion if moreover the composition 

ct>- l {0 N ) > r(0 N ) > O m 

defines an isomorphism of the inverse image sheaf -1 (0/v) onto Om- 

A CR immersion <f> that is also a topological embedding will be called a CR 
embedding. 

If N is a smooth complex manifold, these notions coincide with the classic defi- 
nitions in M 1 - 1 1 



Lemma 4.2. Let M be a real analytic CR manifold, generically embedded into a 
complex space N . Then M is contained in the set N rt>s of non singular points of 
N. 

Proof. Indeed, the fact that M is real analytic implies that for each p £ M the 
local ring Om,p is regular. Hence On. p , being isomorphic to a regular local ring, is 
also regular. □ 

4.2. Algebraic and weakly-algebraic CR manifolds. We consider now CR 
structures on real algebraic manifolds. 

Definition 4.3. An affine CR submanifold of C™ is a smooth real algebraic sub- 
variety M of C n that is also a CR submanifold. 
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An affine CR manifold is a smooth real algebraic variety, endowed with a CR 
structure, and C-R-isomorphic, by a smooth birational correspondence, with an 
affine CR submanifold of some C™. 

An algebraic CR manifold is a smooth real algebraic variety, endowed with a 
CR structure, in which each point has a Zariski open neighborhood that is an affine 
CR manifold. 

An algebraic CR submanifold M of an algebraic complex variety N is a smooth 
real algebraic subvariety of N, embedded as a CR submanifold in the set iV rcg of 
its regular points. 

Likewise, we can define semialgebraic CR manifolds and submanifolds. 

A weakly-algebraic CR manifold M is a smooth real algebraic variety endowed 
with an algebraic formally integrable partial complex structure. This is given by a 
formally integrable smooth complex valued algebraic distribution T ' X M C T C M, 
with T 0tl M n T 01 M = M . 

We observe that an irreducible real algebraic subvariety M' of an irreducible 
complex algebraic variety N contains a maximal Zariski open subset M that is a 
real algebraic CR submanifold of a Zariski open subset of N. 

An algebraic (respectively, semialgebraic) CR submanifold of a complex algebraic 
variety naturally is an algebraic (respectively, semialgebraic) CR manifold. The 
vice versa may be false, as we shall see as a consequence of Theorem 14.71 below. 

Remark 4.4. Since neither the complex nor the real Frobenius theorems are valid 
in the algebraic category, weakly-algebraic CR manifolds may not be algebraic 
CR manifolds. For instance, consider the complex structure on IR 2 , defined by 

J XtV = ^ 1 +^ 2 ^ . This structure is weakly-algebraic, but not algebraic, because 

any rational function in <C(x, y), holomorphic for this structure near a point of R 2 , 
is constant. 

Proposition 4.5. Let M be an algebraic CR manifold. Then M has a real algebraic 
embedding into a complex variety N , that is also a generic C R-embedding into the 
set N rBg of its regular points. 

Proof. We first consider the case where M is an affine CR manifold, of CR dimen- 
sion n, and CR codimension k, of a Euclidean complex space C e . Denote by X the 
ideal of polynomials P £ C[zi, . . . , zi) vanishing on M . We claim that N = V(T) 
has the properties requested in the statement. To this aim, let us fix a point z° £ M. 
We can assume that the restrictions to M of dz\, . . . , dz n+ k are linearly indepen- 
dent in a neighborhood of z° in M, and that Re z\, . . . , Re z n+ k and Im zt,..., Im z n 
define a system of coordinates in a neighborhood of Zq for the real analytic struc- 
ture of M. The restriction to M of the polynomials in P £ C[zi, ■ ■ . , zt, z\, . . . , ze\ 
form a ring which is an algebraic extension of the ring of the restrictions to M of 
polynomials in C[zi, . . . , z„+fc, z\, . . . , z n ). Let w £ C[zi, . . . , zg\. Then there is a 
smallest integer d > 1 such that w satisfies a monic equation: 

w d + ai(z', z^w*- 1 + ■■■ + a d {z', z') = on M, 

where aj(z' , z') are rational functions of z\, . . . , z n+ k, Zi, ■ ■ ■ , z n , for j — 1, . . . , d. 
Eliminating denominators, we obtain an equation: 

(4.1) b {z\z')w d + b 1 {z' 1 z')w d - 1 + --- + b d {z',z') = Q on M, 

with bj polynomials in C[z\, . . . , Zn+fc, z±, . . . , z n \. Moreover, we can assume that 
b{) £ C[z\, . . . , z n+ ki z\, . . . , z n ] has minimal total degree among the 6o's of the non 
zero polynomial vectors (bo, ... , bd) that satisfy (|4.ip . For b £ C[zi, . . . , z n+ k, Z\, ■ ■ ■ , z n ] 
the anti-holomorphic differential db is a linear combination of the differentials 
dz\, . . . , dz n and me may identify 8m b to the restriction of db to M. The pull-backs 
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to M of the differentials dz\ , . . . , dz n are linearly independent on a neighborhood 
of Zq. Taking 3m of both sides of (14. 1|) . we obtain: 

w d db + w d - 1 5b 1 + --- + wdba^i + 3b d = on M. 

By our choice of bo, this implies that dbo = on M, hence that: 

w d - 1 db 1 + --- + 3b d = onM. 

This is a system of polynomial equations with polynomial coefficients on M, thus, 
by our choice of d, we obtain that all dbj's are zero on M, consequently zero because 
they only depend on z±, . . . , z n+ k, Zi, . . . , z n +k- Hence the bjS are holomorphic, and 
a.j = aj(z') e C(zi, . . . ,z n+k ). 

Let A be the ring of the restrictions to M of the elements of £\z\, . . . , Zi], and 
B the integral closure in A of the ring of the restrictions to M of the elements of 
C[zi, . . . , z n+ k\- We proved that A is contained in the integral closure of the field 
of fractions of B. By the theorem of the primitive element, we can find an element 
w e C[zt, . ■ ■ , Zi], a polynomial P £ C[zi, . . . , z n +k, w], monic with respect to w, 
such that, if A(z') is the discriminant of P with respect to w: 

(4.2) P{z, w)=w d + ai(z')w d_1 + • • • + a d (z') e J 

Vj = n + k + 1, . . . ,1 there exists pj £ C[z±, . . . , z n+ k, w] 
^ ^ such that A(z')zj —pj(z',w) E X. 

This shows that N — V(I) is a complex algebraic subvariety of C e , of pure dimen- 
sion n + k. The statement follows, because the points of M are contained in 7V rcg 
by Lemma l4~2l 

The proof in the general case is obtained by patching together a finite atlas of 
affine charts of M by birational equivalence. □ 

4.3. Homogeneous algebraic CR manifolds. Let go be a finite dimensional real 
Lie algebra and g its complexification. We recall that go (and g) are algebraic Lie 
algebras, if any of the three equivalent conditions below is satisfied (see |10] for the 
definition of replica, [11], [16] for the equivalence of the conditions): 

(1) there exists a real linear algebraic group Go with Lie algebra go; 

(2) there exists an algebraic subgroup of Aut(jjo) with Lie algebra ad(go); 

(3) for every X in go, the subalgebra ad(go) of 0Ih(0o) contains all replicas of 
ad(X). 

Moreover, go is a real algebraic Lie algebra if and only if its complexification g is 
a complex algebraic Lie algebra, and the characterization of complex algebraic Lie 
algebras is given by conditions that are completely analogous to the ones listed 
above. 

When go is an algebraic Lie subalgebra of some gl(n,M), the semisimple and 
nilpotcnt components X s and X n of an element X of go are replicas of X. Thus, in 
particular, an algebraic Lie algebra go is ad-splittable: this means that, for every 
X E go, also X s ,X n 6 g . Moreover, &d(X s ) = [ad(X)] s and ad(X„) = [ad(X)]„ 
are the semisimple and the nilpotent components of ad(X), respectively. 

Lemma 4.6. Let Gq be a real linear algebraic group. If M is a Go-homogeneous 
real algebraic manifold and a smooth Go-homogeneous CR-manifold, then M is a 
weakly- algebraic CR manifold. 

Proof. Fix po £ M and let (go, q) be the CR algebra of M at Pq. The complexifi- 
cation T c Gq of the tangent space of Go is algebraic and can be identified with the 
Cartesian product Go x g, the left action of Go on G x g being defined by: 

h ■ (g, Z) = (hg, Ad s (h)(Z)) = (hog,hoZo h' 1 ). 



ON HOMOGENEOUS AND SYMMETRIC CR. MANIFOLDS 



IS 



The set 

1 = {(g,Z) G G x g \ g- 1 o Z o g g q} 

is algebraic. The set T 0,1 M is the image of 1 by the differential of the map Go 9 

9 ~~ > 9 " Pa £ M, hence algebraic. This proves that the Go-homogeneous CR 
structure of M defined by (go, q) is weakly algebraic. □ 

From Lemma 14.61 we obtain: 

Theorem 4.7. Let Qq be an algebraic Lie algebra. A necessary and sufficient 
condition for the existence of a homogeneous weakly-algebraic CR manifold M with 
CR algebra (go,q) is that 

(4.4) \/X G io = q (~l go a ^ replicas of&d(X) belong to ad(io). 

Proof. Let jo be the center of Qq. By taking the quotient by the central ideal 

10 H 3o 3 we reduce to the case where Jo l~l io = 0. Then we decompose io into the 
direct sum of an ad So -reductive subalgebra Io and an ideal no consisting of ad go - 
nilpotent elements. We can consider a maximal reductive subalgebra Iq of ad flo (cjo) 
containing ad flo (Io), and construct, as in [TFl XVIII. 1], an embedding of go as an 
algebraic subalgebra: 

(4.5) <f>-.Q^ r xn Cfl[(n,R), 

where no is the maximum nilpotent ideal of go, f° r which the corresponding con- 
nected and simply connected Lie group has the structure of an algebraic group, con- 
sisting of unipotent matrices. Since, by [17] . 4>{X) is a nilpotent matrix in Ql(n, M) 
for all ad fl0 -nilpotent X in go, we obtain that the semisimple parts in gl(n,M) of 
the elements of (j)(lo) belong to <p(lo), and (f>(lo) is an algebraic subalgebra of </>(go) 
by [TT]. Finally, </>(%) is algebraic because it is a subalgebra of g[(n,R) consisting 
of nilpotent matrices. Hence </>(go) = </>(lo) * ( t ) ( n o) is an algebraic subalgebra of 
gl(n,M), and the statement follows from Lemma l4~6l □ 

Proposition 4.8. Let Qq be an algebraic real Lie algebra and q an ideal of its 
complexification g, defining a complex structure on go. This means that: 

(4.6) g = q ® q (direct sum of ideals). 

Then we can find a complex algebraic group Go with associated CR algebra (go,q). 

Proof. We prove that q is an algebraic Lie subalgebra of g. To this aim we observe 
that [q, q] = 0. Hence the centralizer of q in g c is: 

3g(q) = q +3g(0)- 

This is an algebraic Lie subalgebra of g and therefore ad B (q) = ad g (3 g (q)) is alge- 
braic in fltc(g). By the same argument of Theorem 14 .71 we obtain that there exists 
a complex algebraic group G and a complex algebraic normal subgroup Q with Lie 
algebra q. Then Go = G/Q is a complex algebraic group satisfying the conditions 
of the statement. □ 

Example 4.9. Let go = s[(2m,R), with m > 2. Consider a Borel subalgebra 
b of g ~ sl(2m, C) such that t) = b (~l b is a Cartan subalgebra of g. Then fj 
is the complexification of a maximally compact Cartan subalgebra f)o of go- Let 
n = [b, b] be the nilpotent ideal of b. Fix an element H 6 f) \ f)o, such that 
cxp(M H) is not closed in SL(2m, C). We choose q = n C H. Since q n q = 0, the 
complex Lie subalgebra q defines a left homogeneous CR structure on SL(2m,K). 
However, in this case there is no semialgebraic Go-equivariant CR embedding of 
Go — SL(2m,M) into an SL(2m, C)-homogeneous complex manifold. 
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Example 4.10. Let g = st(2m — 1,C), with m > 2. Define the conjugation: 

A = (a-i,j)l<i,j<2m-l —> A — [(i2 m -i,2m-j)l<i,j<m—l- 

Consider the real form go = {A — A} ~ sl(2m — 1, R) of g, and let Go — SL(2m — 
1,M) be the analytic Lie subgroup of SL(n,C) with Lie algebra go- Define: 

q = {A = (cii.j) G st(2m — 1, C) | aij = for i > j and for i = j > m}. 

Since q n q = and q + q = sl(2m — 1, C), the datum of the CR algebra (fl,q) 
yields on Go a complex structure, which is only left Go-invariant. Note that, 
being SL(2m — 1,R) a simple real Lie group corresponding to a connected Satake 
diagram, it can carry the structure of neither a complex Lie group, nor a complex 
algebraic group. However, it is a quasi-projective smooth complex variety, open in 
SL(2m— 1, C)/Q, where Q is the algebraic subgroup of SL(2m— 1, C) corresponding 
to the solvable Lie subalgebra q. 

Example 4.11. Let us take go and Go as in Examplc l4.101 with m = 2, and define: 

!/ai.i ai,2 «i.3\ 
A= a 2 , 2 a 2 . 3 GS[(3,C) 
\ 03,3/ 

for an irrational complex number A, with |A| ^ 1. We have q (~l q = and q + q = 
s[(3,C). Since the subalgebra q is not algebraic, the complex structure on Go 
defined by (flo>q) is weakly algebraic, but not algebraic. 

Theorem 4.12. Let Go be a real linear algebraic group. Let M be a real algebraic 
manifold and a smooth CR manifold, on which Go acts as a transitive group of 
algebraic and CR transformations. Let (goil) be the CR algebra of M at a point 
Po- 

If Go acts on M as a group of algebraic CR automorphisms, then: 

(1) q is an algebraic subalgebra of g. 

(2) There are a G -homogeneous complex algebraic manifold M and a Gq- 
equivariant CR generic algebraic embedding M <— > M . 

Vice versa, if q is algebraic, then M is a Go-homogeneous algebraic CR manifold. 

Proof. First assume that M is affine. By Proposition 14.51 there is a generic CR- 
embedding M N of M into the set of regular points of an affine complex variety 
N =— » C £ , in such a way that the ring C[M] of regular CR functions on M coincides 
with the ring C[N] of regular holomorphic functions on N. 

Analogously, C[G ] = C[G]. Let Io C Go be the isotropy subgroup at po & M 
and 7r : Go — + Go/Io = M the natural projection. The subring 7r*(C[M]) of 
C[Go] = C[G] is Go-invariant, hence also G-invariant. Thus it defines a G- 
homogeneous complex algebraic variety M, and the isotropy subgroup is an al- 
gebraic subgroup Q with Lie algebra q. Indeed, in a Go-equivariant way we have 
C[M] — C[M], and we also obtain a generic algebraic CR embedding M M. 

Let us now turn to the general case. Let M 7V reg be the embedding of Propo- 
sition H3J and let TZm and 1Z n be the sheaves of germs of regular CR functions on 
M and of regular holomorphic functions on N, respectively. Then TZm and 7Z n are 
isomorphic, as, for every open U C N, the restriction map 7Zn(U) — * 1Zm(U fl M) 
is an isomorphism. Then we apply the considerations of the affine case to the 
subshcaf 7t _1 (7?.m) of TZg — T^G- 

When q is algebraic, we consider the algebraic subgroup Q of G with Lie algebra 
q and the natural Go-equivariant embedding M G/Q. □ 



ai.i + Aa 3 , : 
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4.4. Algebraic closure of a CR algebra. The considerations of ij3.2l can be 

adapted to the case of a real linear algebraic group Go- Indeed, if Ho is any 
subgroup of Go, we can define its algebraic closure Hq' s as the smallest algebraic 
subgroup of Go containing Ho. It coincides with the closure of Ho in the Zariski 
topology of Go. When Ho is the analytic subgroup of Go corresponding to a Lie 
subalgebra f) of its Lie algebra go, we denote by \Jq S the Lie algebra of Hq' s . Also 
in this case we have (see [331 Theorem 6.2]) 

(4.7) [Mo] = [i)o S X e ]- 

As in *13.2l we have: 



Proposition 4.13. Let Go be a real linear algebraic group, with Lie algebra Qq. 
Let (qq, q) be a CR algebra, and denote by ig lg the algebraic closure of the isotropy 
subalgebra Iq = qHgo- Set q alg = q + C(8>Rio' s . Then q alg is a complex Lie subalgebra 
of g, contained in the normalizer of q in g. The quotient q alg /q is Abelian. 

Fix any real linear subspace i of go with io C i C io' s and define q' = q + CCgiRio- 
Then: 

(1) q' is a complex Lie subalgebra of g and the go-equivariant map (go,q) — > 
(flO)l') is an algebraic CR submersion, with Levi- flat fibers. 

(2) 7/(go,q) is fundamental, then also (go,l') is fundamental. 

(3) // (go,q) is weakly nondegenerate, then the fiber of the go-equivariant map 
(flo,q) — * (0o- q') is totally real. □ 

Definition 4.14. The CR algebra (go,1 als ) is called the algebraic closure of the 
CR algebra (g ,q)- 

4.5. The Go- and the go-anticanonical fibrations. In this section we describe 
the anticanonical fibration of [I] and [T5] in terms of CR algebras. 

Let Go be a Lie group, go its Lie algebra. Given a CR algebra (go, l), set: 

(4.8) ao = N flo (q) = {Aeg |[A,q]cq} 

(4.9) q' = q + a, with a = C<g) R a , 

(4.10) A = N Go (q) = {. 9 G G | Ad( 5 )(q) = q}. 

Proposition 4.15. Keep the notation introduced above. Then: 

(1) q' is the complex Lie subalgebra of g characterized by the properties: 

fqcq', q'ng = a , 

1 (flcbl) - * (flOjl') is a go-equivariant CR-submersion. 



(4.11) 



(2) q' is the smallest complex Lie subalgebra of g which satisfy q + Uq C q' C N B (q). 

(3) The fiber (do, all q) of the go-equivariant CR fibration (g,q) — ► (g, q') is 
Levi-flat. Lndeed a n q = q H q', and [q n q', q n q'] C q n q. 

Moreover: 

(4) // (g , q') is totally real, then (g , q) is Levi-flat, and [q, q] C q n q. 

(5) Conditions (i), (ii) and (iii) below are equivalent and imply (iv): 



do is an ideal of go- 




(6) Ao is a closed subgroup of Go and hence (go>q') is factual. 

(7) // go is an algebraic Lie algebra, then also ao and a are algebraic. If Go is 
a real linear algebraic group, then M' — Go/Ao is a weakly algebraic CR 
manifold. If q is algebraic, then q' is algebraic too, and M' is an algebraic 
CR manifold. 
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Proof. Since io = q n go C a, by Proposition 11.71 (|4. 9[) and (|4. 1 1 [) are equivalent. 
This proves (1). 

Indeed, any complex Lie subalgebra containing ao contains its complexification 
a. Hence (2) is obvious. 

By (|4.8|) . we have [a, q] c q and [a, q] c q, hence [(aDq , a fl qj = [afiq, afiq] C qiHq 
yields (3). 

(4) . When (g , q') is totally real, q C q', hence [q, q] C [q, q'] C q. By conjugation, 
we obtain [q, q] C q n q. 

(5) . We clearly have (i) (ii) => (Hi) => (i) and (Hi) (iv). 

(6) follows from (|4.10[) , since Oo is the Lie algebra of Ao, and (7) is a consequence 
of Theorems [D] and WTZ\ □ 



5. Left invariant CR structures on semisimple Lie groups 

In this and the following section, we shall discuss special examples of homogen- 
eous CR structures. We begin by investigating left-invariant CR structures on real 
semisimple Lie groups (see e.g. [32]). Note that a Lie group with a left and right 
invariant complex structure is in fact a complex Lie group. 

5.1. Existence of maximal CR structures. 

Theorem 5.1. Every semisimple real Lie group of even dimension admits a left 
invariant complex structure. 

Every semisimple real Lie group of odd dimension admits a left invariant CR 
structure of hypersurface type. 

Proof. Let Go be a simple real Lie group, with Lie algebra go- Take a maximally 
compact Cartan subalgebra f)o of go- The complexification g of g contains a Borel 
subalgebra b with b fl b equal to the complexification f) of f)o (see e.g. |21j). Let 
n= [b, b] be the nilpotent ideal of b. 

If the dimension of go is even, then the dimension of t)o is even too, and we can 
find a complex structure J : f)o — > [)o- Then V = {X + iJX \ X 6 f) } is a complex 
subspace of f), with V fl V — {0}. Hence q = V © n is a complex subalgebra of 
g, with q fl q = and g = q © q. The CR algebra (go,q) defines a left invariant 
complex structure on Go. 

If go has odd dimension, then (jo has odd dimension too. Fix a hyperplane mo 
of E)0) a complex structure J : mo — > mo, set V — {X + iJX \ X E mo} and take 
q = V © n. Since q n q = and q + q = n©nffim, the CR algebra (go, q) defines a 
left invariant CR structure of hypersurface type on Go. □ 

Example 5.2. Let G = SL(n, C) and consider on its Lie algebra g = g[(n, C) the 
conjugation A — ► A\ defined by = (a„ + i_j, n+ i_j)i<jj<„ for A = (a>i,j)i<i,j<n- 
Then g = {X e g | X$ = X} ~ sl(n,R) and G = {g € G | g* = g} ~ SL(n,E). 
The diagonal matrices of go are a maximally compact Cartan subalgebra f)o of go. 
Let n = 2m + 1 be odd. Fix p with 1 < p < m and define q' as the complex 
Lie subalgebra of g consisting of matrices {(ii,j)i<.i,j<n with a^j = when either 
p < i < n — p and j < i, or i > n — p. Let a be a subspace of the Cartan subalgebra 
f) of the diagonal matrices of g, with Xj = X n for j > n — p, a fl a = and o + a = fj. 
By setting q = q' + a, we obtain a CR algebra (go, q), with a non solvable q, which 
defines a left invariant complex structure on Go — SL(2m + 1,R). 

5.2. Classification of the regular maximal CR structures. We recall that a 
complex Lie subalgebra q of a complex semisimple Lie algebra g is regular if its 
normalizcr contains a Cartan subalgebra of g. 
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Definition 5.3. We say that a CR algebra (go, q) is regular if q is normalized by 
a Cartan subalgebra of the real Lie algebra go- 
lf Go is a semisimple real Lie group with Lie algebra go, a Go-invariant CR 
structure on a Go-homogeneous CR manifold M is called regular if the associated 
CR algebra (go,q) is regular. 

Fix a semisimple real Lie algebra go- Let f)o be a Cartan subalgebra of go, and 
1Z the root system of its complexification t) in g. For each a £ 1Z we write g Q for 
the root space of a. The real form go defines a conjugation in g, which by duality 
gives an involution a — > a in 7Z, with a(H) = a{H) for all H € f). 

Lemma 5.4. Assume that there is a closed system of roots Q C 7Z with 

(5.1) Q n Q = 0, QUQ = 1Z. 

Then t)o is maximally compact. 

Set Q r = {a£ Q\~a£ Q} and Q n = {a £ Q \ -a Q}. Then: 

(1) Q r U Q and Q r U Q n are closed systems of roots; 

(2) the two systems of roots Q r and Q r are strongly orthogonal; 

(3) V = Q U Q r is parabolic with V n := {a £ V | -a <£ V} = Q n ; 

(4) there is a system of simple positive roots at, . ■ ■ ,a£ oflZ with the properties: 

ai,...,aeeV, 
ati, . . . ,a p is a basis of Q r , 
(5-2) { a p+ i, . . .,at- p € Q™, 

oti<Q Vi = l,...,e, 
^on = -ai + i-i for i = l,..., p. 

Proof. By (|5.1j) . a ^ a for all a GlZ, and this is equivalent to t)o being maximally 
compact (see e.g. [HI Ch.VI,§6]). 

The root system 7Z is partitioned into minimal disjoint subsets, invariant by 
addition of roots of Q r . Since Q is a union of such Q r -invariant minimal subsets, 
its complement Q is Q'-invariant, too. Likewise, Q is <2 r -invariant. This implies 
that Q r and Q r are strongly orthogonal. Indeed, assume by contradiction that 
there are a, [3 6 Q r such that a + £ 7Z. Then a + [3 G Qn Q would give a 
contradiction. 

Since Q r is Q r -invariant, then also Q™ is Q r -invariant. This proves (1) and (2). 
From (15. lj) we also deduce that Q™ is equal to {-a | a e Q n }, and this implies 
(3). 

To prove (4), we begin by fixing an element Aq £ [)k that defines the parabolic 
set V: 

V = {a £ 1Z | a(A ) > 0}. 

Next we note that, since 1Z does not contain any real root, there is a regular element 
Ai in f) K with A x = -At, i.e. with iA x £ \) . Take e > with |a(Ai)| < e" 1 a(A ) 
for a £ Q n . Then A = Aq + eAi is regular and we shall take B = {at, ■ ■ ■ , ctg} 
to be the simple roots of the system of positive roots 1Z + = {a £ 1Z \ a(A) > 0}. 
Take {ai, . . . , a p } = B (~l Q r and {a p+ i, . . . , a r } = B (~l Q™. By our choice of e 
and At, the set {at, ■ ■ ■ ,%>} is the set of the simple positive roots in {a £ Q r | 
a(At) > 0}. Likewise, the simple roots in {a £ Q r \ a(At) > 0} are contained in 
{ai-p+i, . . . , ai} C B. Hence r = £ — p. 

To conclude the proof of (4), it suffices to note that, since 1Z + = 1Z~ = {—a 
a £ 7Z + }, the conjugate of each simple root is a simple negative root. Thus, by 
suitably labelling the roots in B, since by (|5.1j) we have a ^ —a for a £ Q r , we 
also obtain the last line of (|5.2|) . The proof is complete. □ 
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Proposition 5.5. Let Go be a real semisimple Lie group. Then any regular CR 
structure on Go of maximal CR dimension is associated with a regular CR algebra 
(fl0)l)j with a q that is normalized by a maximally compact Cartan subalgebra t)a 
°/fl0; ond is of the form: 

(5.3) q = m©^g« 

aeQ 

for a closed system of roots Q C 1Z satisfying (|5.1|) . and a complex subspace m of 
the complexification f) of bo, with the properties: 

(5.4) dime tu = [|] , sflfjcm, mnm = {0}. 

Here £ is the rank of the complexification g of go and s is the Levi subalgebra of q 
associated with the root system Q r . 



Proof. We note that (|5.3j) . with a choice of Q and m satisfying (|5.1| and (J5T4J) , has 
CR codimension equal to or 1, according to whether g has even or odd rank, 
respectively. Thus it yields a CR structure of maximal CR dimension. Let (g , q) 
be a regular CR algebra, of codimension 1 at the most, and set m = q n f). Then 
m must satisfy (|5.4j) by the codimension constraint, and the set Q of the roots a 
with g a c q satisfies (|5.1[) . □ 

Example 5.6. Let g ~ st(3,R), consist of the matrices A = (ciij) £ s[(3,C) that 
satisfy iZjj = 0,4.-^4.— j. Set 



q = 





22 


A 


(5 
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V Z3 


Z 4 


-2zi / 



Zi,Z2,Z 3 ,Z4, G 



The Ci? algebra (go, q) defines a left invariant complex structure on Go — SL(3, R), 
because qfiq = {0} and q + q = s((3,C). But (go,q) is not regular as a CR algebra, 
since q is self- normalizing in st(3, C), hence, in particular, is not normalized by any 
Cartan subalgebra of g . 

In [2 [22] ah complex structures on a compact semisimple Lie group of even 
dimension are shown to be regular. According to the example above, in the case 
of non compact semisimple real Lie groups a complete classification of the left 
invariant maximal CR structure would require some extra consideration of non 
regular structures. 



6. Symmetric CR structures on complete flags 

Symmetric maximal almost-C R structures (i.e. formally integrability is not re- 
quired) on complete flags were studied in [Hj. Here we utilize CR algebras to study 
their Ci?-symmetric (formally integrable) structures, that are also of finite type. 

A complete flag is a homogeneous compact complex manifold, which is the quo- 
tient M ~ G/B of a semisimple complex Lie group G by a Borel subgroup B. A 
maximal compact subgroup Uo of G acts transitively on M, which is therefore also 
a quotient M ~ U /T of Uo with respect to a maximal torus T . 

Let g, b, Uo, to be the Lie algebras of G, B, Uo, T , respectively. Then g 
is complex semisimple and is the complexification of its compact form Uo- The 
complexification f) of to is a Cartan subalgebra of g, contained in b. 

6.1. Homogeneous CR structures on complete flags. We shall consider M 
as a real compact manifold, and discuss its Uo-homogeneous CR structures. By 
Proposition 11.31 having fixed the point o = [To] of M, the Uo-homogeneous CR 
structures on M are in one-to-one correspondence with the complex Lie subalgebras 
q of g satisfying qfliio = to- In particular, any such q contains the Cartan subalgebra 
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f), hence is regular. Denote by 1Z the root system of b, in g, and let Q be the subset 
of 1Z consisting of the roots a for which q a C q. Then 

(6.1) q = t) © n, where n = 

Conjugation with respect to the real form Uo yields on 1Z the involution a — > a = 
—a. Thus, the assumption that q D q = f) is equivalent to Q (1 (— Q) = 0. Hence q 
is solvable (see e.g. [331 Proposition 1.2, p. 183]), and 

(6.2) hcqcb. 

We may consider the ordering of 1Z for which the roots a with g Q C b are positive, 
so that Q can be regarded as a closed set of positive roots. 

Proposition 6.1. Let M ~ G/B ~ Uo/To &e a complete flag. We keep the 
notation introduced above. 

(1) The Uo -homogeneous CR structures on M , modulo CR isomorphisms, are 
in one-to-one correspondence with the set of solvable complex Lie subal- 
gebras q of Q satisfying (|6.2p . modulo automorphisms of g which preserve 
b. 

(2) The maximally complex CR structure of M is its standard complex struc- 
ture, corresponding to the choice q = b, while q = t) yields a totally real 
M. 

We conclude this subsection by considering CR structures that are related to 
parabolic subalgebras of g. Recall that a nilpotent subalgebra is horocyclic if it is 
the nilradical of a parabolic subalgebra (cf.|34j). 

Proposition 6.2. Consider on M the CR structure defined by a CR algebra (uo, q), 
with q satisfying (|6.2j) . Assume that the nilpotent Lie algebra n in (|6.1|) is horocyclic 
and let q' be the normalizer of n in g. Then q' is parabolic and q' n q' is a reductive 
complement of n in q': 

(6.3) q' = f ffi n, with f = q' n q' reductive, n nilpotent. 

The real Lie algebra fo = f H Uo is reductive, and f is its complexification. 

(1) (uq, q') is the CR algebra of a complex flag manifold N . 

(2) There is a natural JJ^-equivariant CR fibration M — > N , with totally real 
fibers. For every p £ M , the restriction of dir p defines a C-isomorphism of 
H p M with Tn( p )N. 

(3) M is Uo -homogeneous C R-symmetric if and only if N is Hermitian sym- 
metric. 

6.2. Symmetric CR structures on complete flags. The natural complex struc- 
ture of the full flag M is not, in general, Hermitian symmetric. We will seek for 
conditions on the set Q in (|6.1[) for which M is Uo-Ci?-symmetric. We have 

Lemma 6.3. Let q be defined by (|6.ip . and assume that (go,q) defines on M — 
Uo/To a U ^-homogeneous C R-symmetric structure. Then: 

(1) there exists an involution A of g with 

(6.4) A(u ) = u , A|t, = Id, A|„ = -Id; 

(2) n is Abelian and n + ft generates g, or, equivalently, Q satisfies: 

(6.5) ae Q=> -a$ Q, a,f3eQ=^a + (3(£lZ, 

(6.6) 1Z c Z[Q]. 
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Proof. By the assumption, there is an involution A of Uo satisfying (| 1 . . In 
particular, A transforms to into itself and equals minus the identity on ((q + q) n 
Uo) /to- Its complexification, that we still denote by A, is an involution of g leaving 
t) and n invariant, hence equal to minus the identity on n. Since —\Z\,Z 2 \ = 
\{[Z 1 ,Z 2 \) = [X(Z 1 ), X(Z 2 )] = [-Zx, -Z a ] = [Z x , Z 2 ] for Z x , Z 2 G n, we get [n,n] = 
{0}, which is equivalent to (|6.5p . 

The conditions that q + q generates g, that (uo, q) is fundamental, and that M 
is of finite type are all equivalent (see P-2p . 

If n + n generates g, then so does q + q. Vice versa, assume that q + q generates 
0, and let a be the subalgebra of g generated by n + n. From [f), fi] = fi, we obtain 
that [f), a] = a. Hence o+ f) = Q. Containing all root spaces, a contains also f) and 
thus equals g. 

Condition (|6.6p is obviously necessary for (uo,q) to be fundamental. It is also 
sufficient. Indeed, if (3 = Yli=x e i a i> with a\, . . . ,ai 6 Q and = ±1, then, upon 
reordering, we can assume that *}2i=i e i a i ^ s a r0 °t f° r au 1 < h < £. 

Leaving f) invariant, A determines an involution A* on TZ, which is the identity 
on Q. Condition (|6.6p implies that Q spans f)*, hence A* is the identity on TZ, and 
therefore A|(, = Id. □ 

Remark 6.4. When all roots in TZ have the same length, orthogonal roots are 
strongly orthogonal and (|6.5p is equivalent to 

(6.7) H/3)>0, Va,/3eQ. 

According to 14J, a Uo-Ci?-symmctric structure on M is extrinsic symmetric 
if there is an isometric embedding of M into a Euclidean space V, and, for every 
x G M, an isometry of V that restricts to a symmetry of M at x and to the identity 
on the normal bundle of M at x. 

The opposite of the Killing form defines a scalar product on Uo, which is invariant 
for the adjoint action of Uo. The stabilizer of a regular element X of to in Uo is 
the Cartan subalgebra To, so that the orbit Ad(Uo)(X) is an embedding of M. 
The induced metric is Uo-invariant. 

The tangent space of M at X is identified, via the differential of the action at 
the identity, to Uo/to — J2 a u o n (fl" +0 °)- Under this identification, the subspace 
u o H (g a + g~ a ) is mapped onto itself, and to is its orthogonal complement in Uo- 

The involution A of Lemma 16.31 is then an extrinsic symmetry at x. We have 
proved: 

Proposition 6.5. If M = XJq/Tq, endowed with the CR structure defined by the 
CR algebra (uo, q), where q is given by (|6.1|) . is of finite type andXJo-CR- symmetric, 
then it is extrinsic CR-symmetric. □ 

6.3. CR symmetries, J-properties, and gradings. By Lemma 16.31 the invo- 
lution A in (|6.4p is inner. In fact, (|6.4p implies that A = Ad(exp(i7r£ ; )) for an 
element 

E e K* = {H e f) | a(H) e Z, Va e K} 

such that 

(6.8) a(E) = 1 mod 2, Va G Q. 

The weak- J-property for (uo, q) will then be equivalent to the possibility of choos- 
ing this E G TZ* in such a way that 

(6.9) a(E) = 1 mod 4, Va G Q. 

Indded, the element J in Definition 11.81 will be equal to iE G to- 

To discuss the symmetric CR structures on complete flags in terms of the sets 
of roots Q, it is convenient to introduce some notation. 
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Definition 6.6. If S C 7Z, we shall indicate by 0(5) the set of all Q C S which 
satisfy (JEH) and (|6T6) , We set S (<S) (resp. 0o(<S), 0t(<?)) for the subset of 
0(<S) consisting of those Q c S for which the (uo, q) with q given by (|6.1|) is C-R- 
symmetric (resp. has the J-property, has the weak- J-property). We will also say 
that Q itself is Ci?-symmetric, or has the J or the weak- J-property when it holds 
for (u ,q). Clearly £}„(S) C T (S) C S (S) C 0(5). 

We indicate by 0'(<S) the sets Qc5 which satisfy (|6.5p . 



Remark 6.7. For £ 6 7?.*, 0({a | a(E) = 1 mod 2}) C s (ft) and 0({a | 
a(£?) = 1 mod 4}) c Or (ft). 

Given Q C 1Z, let us define 

(6.10) ={±(ft - A) 6 ft I Pi, ft 6 Q}, 

(6.11) Q£ = g ft| ft G Q, fc, G Z, J^fc = ft} , ft G Z. 

We have Q c QJ, C QS, and Ql^ = -Q* for all ft G Z. Moreover, Q* is the 
root system of the reductive complex Lie subalgebra of g 

(6.12) q (0) = eg- "' and, with 

(6.13) q (/l) = Y. aeQ , 0" for ft G Z \ {0}, we have 

(6.14) [q ( ' l) ,q (fc) ] C q {h+k) ■ 
We have g = *jr, heZ q W if > and onl y if > ft c Z [2]- 

Lemma 6.8. If Q G 0(ft) and Q U (-Q) ^ TZ, then Q* lA ^ 0. Moreover, 

ft G Z \ {0} and nQ^«^ Q,* H Q^ +feo = 0, Vft G Z. 

Proo/. Assume that Q G 0(ft) and that Q U (-Q) ^ ft. Pick aeK with ±a ^ Q. 
By (HEU, we get a = Y?i=i e i@U with £ > 2 and e, = ±1, ft G Q for all 1 < % < £, 
and J2i<h e i@i G ft for all 1 < ft < t. By (16. 5|) we have ei + £2 = 0, and hence 
eiA + £2ft G Ql,! ^ 0. 

Assume that, for a pair of integers h ^ k, the intersection Q* h n <2£ contains a 
root a. Then we can find roots ft, 7j G Q, and numbers e,, n^- = ±1, for 1 < i < l\, 
1 < j < ^2, with = ft, = fc, such that 

^ . fEf=i £ iAeft for fe<4, 

^1=1 *-^3=i yy |;/ ,- , g ft for k < £ 2 . 

We can assume that ft ^ ±1. Then t\ > 2, eift + 62ft G Q* 1 and, with fto = ft — k, 
we obtain 

eift + e 2 ft = Y!*-,Wi ~ HtjA e n 2^o- D 
From ()6.6p . we obtain 

(6.15) 1 = E hez fl(fc) ' fOT 2 e5 3(^)- 

Thus Lemma 16.81 and Remark 16.71 yield criteria for Q either to be symmetric or to 
have the J or weak- J-property. 

Theorem 6.9. Let M = Uo/To be a complete flag, with CR structure defined by 
(uo, q), for a q given by (|6.1|) . with Q G 0(ft). Then 

(1) M is XJq-CR- symmetric if, and only if, 

(6.16) Q* tl n Q* 2h+1 = 0, for all h G Z. 
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(2) The CR algebra (uo,q) has the weak- J -property if and only if 
(6.17) Q* hl n Q* 2h+1 = and Q* l x n Q* 4h+2 = 0, for all h G Z. 

(3) XTie Ci? algebra (uo,q) /las </ie J -property if and only if (|6.15[) is a Z- 
gradation of g . 

Proof. By Lemma T6.8[ conditions (|6.16p (resp. (|6 . 1 7f) ) implies that g admits a Z2- 
gradation (resp. a Z4-gradation) with f) C g^i and n C 0m, where [a] means the 
congruence class of a G Z modulo 2 (resp. modulo 4). Since this gradation is inner, 
we obtain (1) (resp. (2)). 

Finally, if (uo, q) has the J-property, and (|1.15p is valid, then E — iJ G TZ* and 
[£, Z]=Z for all Z e n. By ((121) we get g^ = {Z G g\[E,Z] = hZ}, and (|H7T5|) 
is a direct sum decomposition, yielding a Z-gradation of g. Vice versa, if E G 7J* 
defines a Z-gradation with «(£') = 1 for all a G Q, we can take J = — i.E to obtain 
(jLT5|) . □ 

6.4. Complete flags of the classical groups. In this section we classify the 
symmetric CR structures on the complete flags of the classical groups. 

To fix notation, in the following we shall consider root systems TZ C R", of the 
types A n _i, B n , C n , D n explicitly described, according to [5], respectively, by: 

(A n _i) TZ = {±(e, - ej ) \ i<i<j<n } c R", 

(B„) TZ = {±ei \ i<i<n } U {±(e* ± ej) | i<i<j<n}, 

(C„) 7e = {±2e t I i<»<« } U {±(e 4 ± ej) | l<i<i<n }, 

(D n ) TZ = {±(e, ± e 3 ) \ \<i<i<n }. 

6.4.1. Maximal Q G Q{TZ). We have: 

Proposition 6.10. Lei TZ be an irreducible root system of one of the types A n _i, B n , C 
Then, modulo equivalence by the Weyl group W ofTZ, the maximal Q G Q(TZ) are 
equivalent to one of the following: 

(An_i) Qp = {ei — ej I l<i<p<j<n }, p = l,...,n—l, 

{Qi , P , qi ,...,q B ={e Jo }U{e 4 + ej I i<i<j< P ] 
U U-=i {ei±e ^ 1 *- 1< ^*} 
l<p<n, l^s<p, qo—p<qi<C---<q s —n, <ji+2<ji_2 <qi — 1 , /or 2<z<s, 
p=2=>s=2, ij io +ij io „2<gi -i i/io>2. 

(C„) Q = {2e 4 I i<i<« } u {ei+ej \ i<i<j<n }, 

Q P , qi ,...,q s = {ei + ej I i<!<j<p}u[J _ {et±ej | 9i-i<j'<9«}, 

(D„) { l<p<n, l<s<p, 9o=P<9i<---<9s="> 8i+2«_2<gi-i, /or 2<t<s, p=2=>s=2, 

Q-n = {e^ + e.j I l<i<i<n-i } U {ei — e„ | i<i<n-l }. 

Proof. (A n _i). For ft of type A n _i and Q G fl(ft), the sets 

/ = {i I 3j s.t. ei — ej G Q} and /' = {j \ 3i s.t. e^ — e 3 G Q} 

are disjoint by (|6.5p . and by (|6.6p they form a partition of {l,2,...,n}. Then 
Q C {ei — ej j i G I , j G J'}, and a permutation of {1,2,..., n}, which corresponds 
to an element of the Weyl group W, transforms Q into Q p , for some p with 1 < 
p < n — I. 

We consider now the case where TZ is of one of the types B n , C n , D n . Each 
Q G Q{TZ) is equivalent, modulo the group A of the isometries of TZ, to a new Q 
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with 

(6.18) sup /3g Q(/3|ei) > for i — l,...,n. 

Indeed A contains all symmetries s ei for i = 1, . . . , n. 

Let us single out first the case of C n . Since Q cannot contain both e 2 ; + ej and 
e/j — e_y, condition (|6.18p implies that Q is contained in Qq. 

Let us turn now to B n and D n , and assume that Q is maximal in Q(1Z). Using 
conjugation by the Weyl group W to reorder the indices 1, . . . , n, we can assume 
that for some integer p > 1 we have 

(6.19) inf (J3\ei) >0ifl<i<f>, nrfG 8 ^) < if j> < i < n. 

Condition (fHTTH|t implies that ej + ej E Q for all 1 < i < j < p. By (|63|l . if 
ei + ej,e/j — ej £ Q, then i = h. Hence, for every j > p, there is a unique 
i = X(j) < p such that e; — ej £ Q. By reordering, we can assume that \{{p + 
1, . . . , n}) = {1, ... , s}, that A is nondecreasing, and that #A _1 (z) > #A _1 (i + 1) 
for 1 < i < s < p. By maximality, s = 2 for p = 2. This yields the lists above for 
(B n ), (C n ), (D n ), where we needed to add Q_„ to the list of non equivalent maximal 
elements for type D n , because the group A equals W for B n and C n , but contains 
W as a proper normal subgroup for D n . □ 

6.4.2. Maximal Q £ Q S (TZ). Using the results of Proposition 16. 101 we characterize, 
modulo equivalence, all maximal Q £ Q 8 (1Z), for 1Z irreducible of one of the types 
A, B, C, D. 

Theorem 6.11. If TZ is an irreducible root system of one of the classical types 
A n _i, B n , C n , D n , then Q S (TZ) = Qq(1Z), i.e. all CR-symmetric (uo,q) have 
the J -property. Modulo equivalence w.r.t. the Weyl group W of 1Z, the maximal 
Q £ Q. S (7Z) are classified by: 

(A„_i) Q S (7Z) — Q.{7Z) and all Q € Q(7Z) are maximal. 

(B„) Each maximal Q £ Q. S (1Z) is equivalent, modulo W. to one of the following 
sets: 

Qi ,p, qu ..., qs = Kl U {e, ; + ej | !<;<*, ^i<]<p} 

U|j i _ i {e l ± ej | qi-l<j<qi }, 

l<p<n, l^s<p, qQ—p^qx < ■ ■ ■ <q s — ri, qi~\-2qi _2 <<?i- 1 , for 2<i<s, 
p=2=>s=2, qi +qi -2<qi -l */*o>2. 

(C„) Q S (1Z)=Q(1Z). 

(D n ) Any maximal Q 6 Q. S (7Z) is isomorphic, modulo W, to one of the following 
sets: 

Qn ={ei + d] | l<i<i<" }, 

Q_„ ={e^ + ej | l<i<i<n } U {e H - e„ | i<j<« }, 
Qp,«i,...,9a ={ e * + e .7 I i<*<«<i<p}u|J^ =i {e i ±e J - | «-i<j<«}, 

l<p<n, l<s<p, Qo— P<Ql <■ ■ ■ <<?s — ft, 9i+2(?i — 2 <<7i — l j /o^ 2<i<s, p— 2^>s— 2. 

Proof. (A) With the Q p defined above, define J £ to by setting e^(J) = for 
1 < i < p and e^(J) = — i— for p < i < n. 

(B) Let B e [) define a Z2-gradation of g, yielding a Ci?-symmetry of (tlo, q). 
Assume that Q c Qj ,p,g 1 ,...,g s - Since ei {E) = 1 mod 2, then ej(i?) = mod 2 
for all j for which either ei + ej £ Q, or ei — ej £ Q. In particular, when s = 0, 
Q'i,n = i e i} u ( e i + e * I } is contained in Q[^ n = {ei} U {e x ± e, | 2<i<n } 

and hence is not maximal. Assume therefore that s > 1. Ifl<i<j<n and 
e^iej £ Q, then ei{E) = 1, e^E 1 ) = mod 2. Thus ei + ej ^ Q for 1 < i < j < s. 
Hence we obtain that a maximal Q £ Q S (TZ) is equivalent to one of the sets listed 
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above. We define the element J € to by setting e/j(J) = i for 1 < h < s, and 
£h(J) = for s < j < n. 

(C) With Qq defined in Proposition ^. 10[ we define eh(J) = i/2 for 1 < h < n. 
Then the corresponding (uo, q) has the J-property. 

(D) We can repeat the argument of (B), to conclude that all maximal Q £ 
£l s (TZ) are described, modulo equivalence, by the list in (D n ) above. For Q = Q n , 
we define J £ to by eu(J) — i/2 for all 1 < h < n. For Q = <2_„ we set ei(J) = i/2 
for 1 < i < n and e„(J) = —i/2. For Q = Qp tqi> ,„ t g e , we set eh{J) = i for 1 < h < s, 
and eh{J) = for s < h < n. In this way we verify that all maximal Q 6 £l s (7V), 
hence all Q in £1 S (1Z), have the J-property. □ 

Corollary 6.12. All CR symmetric Q contained in a root system of one of the 
types A, B, C, D have the J property. □ 

6.5. Complete flags of the exceptional groups. We turn finally to the com- 
plete flags of the exceptional groups. 

6.5.1. Type G2. The root system is 

■R = {±(e t - ej ) 1 < i < j < 3} U {±(2e, - e 3 - e k ) | k) e S 3 }. 

According to [33, Theorem3.11] there is, modulo automorphisms, a unique Z2- 
grading of g, with 

St ={±(ci - e 3 ), ±(e 2 - e 3 )} U {±(2e x - e 2 - e 3 ), ±(2e 2 - e x - e 3 )}, 
Ti\ ={±(ei - e 2 )} U {±(2e 3 - e x - e 2 )}. 

The sum of two short roots is always a root, while the sum of two long roots, if 
it is a root, is long. Hence a Q £ £1(71) contains exactly one short root. Modulo 
isomorphisms, we can assume that (ei — e 3 ) £ Q. Then Q c {e\ — e 3 , 2e\ — e 2 — 
e 3 , ±(2e 2 — e% — e 3 ), ei+e 2 — 2e 3 }. The symmetry with respect to 2e 2 — e% — e 3 leaves 
e% — e 3 invariant and interchanges 2ei — e 2 — e 3 and ei + e 2 — 2e 3 . Moreover, (2e\ — 
e 2~ e 3 ) + (2e 2 — e% — e 3 ) e 7?. and (ei + e 2 — 2e 3 ) — (2e 2 — ei— e 3 ) S 1Z. Hence, modulo 
isomorphisms, there are two non equivalent maximal Q £ Q.(1Z): 

Qt ={ei-e 3 ,2ei-e 2 -e 3 ,ei + e 3 -2e 2 }, 
Q-t ={ei-e 3 ,2ei-e 2 -e 3 ,ei + e 2 -2e 3 }. 

Thus we obtain 

Proposition 6.13. Let 1Z be simple of type G 2 . Then: 

(1) Any maximal Q £ Q{7V) is isomorphic either to Q\ or to Q\. 

(2) Q\ £Q S (R), andQi^Q s (TZ). 

(3) Ot(^) = Qo(7V) and all Q £ £2t(^) are isomorphic to 

Qo = {ei-e 3 ,2ei-e 2 -e 3 }. 

6.5.2. Type F4. We split the root system of type F4 into two parts, by setting 

Tl\ = {±ei I i<i<4 } U {±e.i ± e-j \ i<i<j<4 }, 
5 1 4 = {±i(e 1 ±e 2 ±e 3 ±e 4 )}, 

71 = n\ u sf. 

For the roots of we introduce the notation 
Po = \{ei+e 2 + e 3 + e 4 ), fa = f3 - e i; /3 i;i = /3 - e 4 - ej, for i, j = 1,2,3,4. 
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The set TZf is a root system of type B4. By Proposition 16. 101 modulo equivalence, 
there are five maximal sets in 0(7?f), namely: 

eifl ={ei} U { ei + ej | i<«i<4}, 
2i 4 L ={ e i} u { e » + e 3 I !<*<J<3 } U {ei ± e 4 }, 
2?3,4 =^2} U {ei + ej I k.<j<3 } U {ei ± e 4 }, 
2i 4 2, 3 ,4 ={ei} U {ei + e 2 } U {ei ± e 3 } U {e 2 ± e 4 }, 
C?M ={ e i} U {ei ± ej \ 2<j<4>. 

Thus we obtain 

Proposition 6.14. Modulo equivalence, there are five classes of non equivalent 
maximal elements of Q.(1Z), corresponding to the terms of the following list: 

el* = e8u {#>,&}, 
Gw = G$,4Li 
2U4 = Q^ 4 Lu{A>,/?4}, 

2t2A4=2i 4 2,3,4U{/30,/3 4 }, 

fii,M = C$,4 U {#,,&}, 

Proof. For any choice of three distinct roots in Sf, two of them sum to a root. Then 
a S £ Q(^) contains at most two roots of Sf. The sets in the list are obtained 
by adding a couple of roots of Sf to each maximal set in 0(72.f). Thus they are 
maximal. The fact that they exhaust the list of maximal elements of 0(7?.) modulo 
equivalence is proved by considering the set of all roots in Sf that may be added 
to a without contradicting (|6.5[) . □ 



Modulo equivalence, the maximal elements of Q s (TZf) are 
Qi,i,4 = {ei}U{ ei ± ei I 2<i<4}, 
Si,2,3,4 = { e i} u {ei ± e 3 } U {e 2 ± e 4 }. 

Thus we obtain 

Proposition 6.15. We have S (7\L) = 0y(7£) = Qo(7Z), and the maximal ele- 
ments of S (TV) are all equivalent to 

2i,2,3,4 = A)> #4, ei ± e 3 , e 2 ± e 4 }. 

Proof. In fact a maximal Q € S (7?) must contain two short roots. Hence, if E £ f) 
has integral values on 1Z and defines a Z 2 -gradation with a{E) odd for a € Q, then 
there are two even and two odd ei(E)'s. This implies that all maximal elements 
of S (72.) are equivalent to Q\ 2 3 4 = Q'i. 2 3.4 U {/3o,/?4}- We observe that, with 
e x (J5) = 1, e 2 (£) = 1, e 3 (E) = 0, e 4 (£) = Owe obtain that a(E) = 1 for all a e Q. 
Hence Q?' 2j3 , 4 G O (72). □ 

6.5.3. Type E6, E7, Eg. We will write £t for the root system of type E^, and we 
will use the explicit description of [5], with C £7 C £g C K 8 - 

It is convenient to use the notation /3 e = ^X]i=i e i e *i where ei,...,eg is the 
canonical basis of M 8 , and e = (ei, . . . , eg), with e,; = ±1 and n?=i e i = 1- We shall 
write some times V7 = eg — e7, f6 = eg — e7 — eg. 
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We shall also employ, for the roots of Sf , the simplified notation: 



00 = S i=1 e * 



0i,j =0o — (e* + ej), Pi,j,h,k = 0i,j - {eh + e k ), 
for f < i, j, h, k < 8 and pairwise distinct. 



Then 



£q = {±e,; ± ej | l<i<J<5 } U {P e e 6 =e 7 = ~e 8 }, 

&l = {±e t ± e s | i<i<j<6 } U {±(e 7 -e 8 )} U {(3 E \ e 7 +e s =0 }, 

£$ = {±e t ± e,j | i<«i<8 } U {&}, 

Utilizing |33[ §3.7], we list below the incquivalcnt Z2-gradings of the simple 
complex Lie algebras of type E^. 

Set 5 = {(£, i) | *=6,7,8, i=i,2 } u {(7, 3)}. 

For {£, i) G S we denote by 7tLf and 5f, the set of roots a £ £e with g Q C 0( O ) 
and g Q C 0(i), respectively, and we label the grading by the type of TZf . We added 
in a third line the definition of an element E = Eg^ G f) yielding the corresponding 
inner Z2-gradation. 



(6) _ 



{±ei ± e,- | i<j<j<5 }, 



(D 5 ) 



(A 5 xAj 



(D 6 xAi) 



(At) 



iS^ 6 ' = {(3 £ | e 6 =e 7 = -e 8 }, 
E e ,i=E with ei(S)=---=e 5 (B)=0, 

= {±/3 6 , 7 }U{±ft, 8 , ±(ei-e 
S§ = U{±(e i +e i ),±A,j,6,7, 1 i<i<J<5}, 

1 ,^3 



j (£0=2, 



l<i<5, i<j<5 }, 



(E 6 ) 



(D 8 



_> 2 — u^^xc^jJ-^jj^ 

E 6 , 2 =E with ei(B)=-=e 5 (B)=5, « 8 (S)=5. 

'ftj = {±ei±ej | i<«j<6}U {±v 7 }, 
S\ = {l3 e | e 7 +e 8 =o}, 

E 7 , 1= E with ei(_B) = ---=e 6 (B)=0, v 7 (E)=2, 

^| = {±u 7 }U{±(e i -e i ),±ft,7,±A,8 I l<i<6,«i<6}, 
<Sj = {±(ei+ej),/3»j>,7,A,i,M I i<*<j<6, .j</><6 }, 

E 7 , 2 =E with ei(S)=---=e 6 (£;)=|, u 7 (.E)=2 
^3 = {Ai,7} U {±A,8, Pi,j,h,S, 0i,j,6,7, ±e, ± e 

5j ={± U7 , ±/3 6 , 8 } 

U j±ej ± e6, ±ft,7j Pi,j,h,7, Pi.jS.S ' 
E 7 , 3 =E with ei(S)=---=e 5 (£;)=0, e 6 (E)=l, u 7 (E)=l, 

7?.f = {±ei ± ej | i<i<j<8 }, 
S? = G ft}, 

E s ,i=E with ei(_E) = ---=e 7 (£;)=0, e 8 (E)=2, 



l<i<5, 
£<i<5, j<h<5 



l<i<5, 
«<i<5, j<h<5 



{±{e i -e j ),0 itjth<k | i<«i<8, j<h<k<8 } U {±/3 } 



(E 7 xAi) { Sf = {±(e. i + e 3 ) | i<i<j<8 } U {i/Jy | i<*<j<8 } 

E 8t2 =E with ei (_E)=...=e 8 (.E)=|, 

Note that C <S[ C Sf. We denote by Wf the Weyl group of H\. 
Example 6.16. Consider the set 

Q = {00, 01,2, 01,3, 02,3, 04,5} U {0], h , 0h,k | J=4,5, 6<h<8, h</c<8 }. 

One can show that Q € Ht(£s) \ £}o(£s)) but is not maximal in £2 S (£ 8 ). 
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Lemma 6.17. (1) Let £ £ {6,7,8}. For every a £ Q £ Q{£e) we can find 
(3£Q, P + ol, with (a\(3) > 0. 

(2) Let (£,i) £ E, and ao,ai,a 2 £ Sf , then 

(6.20) OoK) > 0, (a \a 2 ) > => a x + a 2 £ K. 

(3) For (£, i)eH\ {(6, 1), (7, 3)} the group Wj is transitive on Sf. The set Sf 
is the union of the two orbits of Wf : 

Q6,l,0 6 , 7 ,-0i, 8 = {/3 6 ,7} U {-/3i, 8 ,/3i,j,6,7 I !<*< 5 . *<J< 5 }, 
26,1-^6,7,01,8 = {-/?6,7} U {fii,S, /3 itjlh ,8 I !< 4 <5< i<J<h<5}, 

i/ia£ are transformed one into the other by an outer automorphism of 1Z\ . 
Both are maximal in Q.(£q) and belong to £1 (£q). 
The set <5>J is the union of the two ~W\-orbits 

Q7,3,t- 7 , C1 ^ 6 = {"7, -06,8} U {±e H + e 6 , Pi,j,h,7 I l<i<5, i<j<h<5 } 
Q7,3,-t> 7 ,ei^ 6 = {~ v 7, A>,s} U {±6i - e 6 , A,j,6,8 I ^i^S, »<J<5 }. 

Tftey are transformed one into the other by an outer automorphism of1Z\. 
Both are maximal in Q.(£ 7 ) and belong to £l (£ 7 ). 

Proof. Since all roots in £g have equal length, orthogonal roots are strongly orthog- 
onal. Thus, if a £ Q is orthogonal to Q\ {a}, then £^nZ[Q] decomposes into {±a} 
and Z[Q \ {a}]. Hence £^ n Z[Q] ^ £g, because £e is irreducible. This proves (1). 

It suffices to prove (2) in the case ao, ct\,a 2 are distinct. Then by the assumption 
(ao|ai) = (ao|ct2) = 1. If cti+a 2 is a root, then (ai|«2) = — 1- Hence (aQ — ai\a 2 ) = 
2 yields a 2 = a>o — ct\. Therefore there is no E £ £\ with cn{E) odd for i = 0,1, 2. 

For (£,i) equal to either (6,1) or (7,3), the element E — E^i £ f) satisfies 
a{E) = for all a £ IZf. Hence in this two cases Sf splits into {a £ Sf \ a(E) = A}, 
for A = ±1. For (£,i) £ E \ {(6, 1), (7,3)} the transititivity of Wf on Sf can be 
easily checked by a case by case verification. □ 

Proposition 6.18. For {£, i)gS \ {(6, 1), (7, 3)}, and a £ Sf, the set 

(6.21) Q^ aa = {a £ Sf | (a\a ) > 0} 

is a maximal element of Q s (£e) and does not belong to Q.y(£e). 

Proof. For each (£, i) £ S \ {(6, 1), (7, 3)}, the Weyl group of IZf is transitive on Sf . 
Hence it suffices to consider Qt,i, ao when ao is any specific element of Sf . We have: 

Q6,2,/3 4 , 5 ,6,7 = {-( e 4 + e 5 ), /?4,5,6,7} U {ei + ej, (3i, r ,e,7 I l<i<3, i<j<3, r=i,5 }, 
C7,l,/J e , 7 - {06,7, M U {Pi,7, fafij | l<i<6, i<j<5 }, 

Q7,2,/3 4 ,5,6,7 = {/?4,5,6,7, Pi,5fi,&} U {ej + ej, —(e r + e s ), Pi, r ,s,7 1 ~4<r'<^<^ 3 ' } ' 

Q 8 ,1,0 O = {Po}^{Pi,j I l<i<j<8}, 

Qs,2,/3 7 , 8 = {l3 7:S ,-{e 7 + e a )}U {ei + ej^i-er,^^ | l<i<6, i<j<6, r=7,8 }. 

We give the complete proof for the case (8, 1). The other cases can be discussed 
similarly. 

First we note that e l +e :j = /3 - - e = f3j t h - fii,h, Pi,j,h,k = + Ph.k - 

A) £ Z[Q8,i,0 o ] f° r au four-tuple i,j,h,k of distinct indices with 1 < h < 8 
shows that £$ C Z[Q 8 ,i,0 o ]- Moreover, |e* + e,-) = -1, {0i,h\ei - ej) = -1, 
(A)| ^ e «^ e j) = — 1; |/3ft,fc ;T -,s) = — 1 for all sets i,j,h,k,r,s of distinct indices 
with 1 < i, j, h, k, r, s < 8 shows that Ss.i.Aj i s maximal in £2(£s)- 

Let us show that Qf i; g ^ Qt(^)- We argue by contradiction. From @(E) = 1 
mod 4 for all /3 £ Q\ Po we obtain that ei(E)±ej(E) = mod 4 for 1 < i < j < 8. 
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Then ei(E) — 2ki is an even integer for all i — 1, ...,8. But then (3o(E) = 1 
mod 4 and fiij(E) = 1 mod 4 implies that at the same time Yli=i^i = 1 mod 4 
and 2(ki + kj) =0 mod 4, yielding a contradiction, as the second equation means 
that either all fc^'s are odd, or all fc;'s are even. □ 

Example 6.19. Consider, for an integer p with 1 < p < 8, the set 

Q'p = {A)} U {ei + e,.,/^,/^ | 1<*<P, i<j<P, p<r<8, r<s<8} C £ 8 . 

We note that Q' p ~ Q's- P for p = 1, . . . , 8. Each Q G fl(£s) which is maximal and 
is contained in {a G £ 8 I (/3o|a) > 0} is equivalent, modulo W, to some Q' p . One 
easily verifies that Q' p £ £} s (£ s ) for p odd and Q p G fl s (£s) for P even. 

The definition in (|6.21[) can be generalized in the following way: 

Proposition 6.20. Let (£,i) G 2 be fixed. Define, for 

(6.22) a.i j • • • > £*ifc € Sf , with inf (oij\oih) > 0, 

l<j<h<k 

{ Q°,i. ai ...., ak = {ai,...,a k }, 
Qi,i, ai ,..., ak = n {a G S? | H/3) > 0, V/3 G >a j 

(l<J<fe), 

k Qe,i,ai,...,a k — Qg,i, Ql ,...,a k - 

Then Qe,i, au ..., ak G Q'(<Sf). . . . , a k contains a basis ofR[£e], then Qe,i, ai ,...,a k 
is a maximal element of Q'(Sf). 

Proof. Indeed, using (|6.20[) we prove by recurrence on j = 0, 1, k that (a'\a") > 
for all a', a" G Q\ i a . Assume now that Eg C R[Qi,i, ai ,...,a k ]- If a G 6>.f 
satisfies (a\(3) > for all (3 G Qe,i, ai ,...,a k there is a j, with 1 < j < k, such that 
(a\a 3 ) > 0. Then a G Q^,...,* V □ 

Lemma 6.21. Let (£, i) G 3 and consider a sequence (|6.22p , smc/i t/iat S< »,ai,...,a fc £ 
Q(Sf) and is maximal. Then, for every integer p with 1 < p < k we have 

(6.23) Qi,i, au ..., ah = C!f...... „. U (Q£, i , ai ,..., ak n{a 1 ,...,a p } ± ). 

Proof. Let Qi :i , ai: . .. , Qfc n{ai, ap} 1 - = { 71, . . . ,7<J- Since we have Qf,i, ai ,..., Q!fe n 
{a I sup 1<i<p (a|o;i) > 0} C Q\ ia a , in (|6.23|) the left hand side is contained in 
the right hand side. The right hand side of ()6.23|) is contained in Qa x ,...,a p ,-yi,...,-yg- 
By the assumption that Qe,i, ai ,...,a k is maximal, it coincides with Q ai ,...,a p ,-y 1 ....,-y q - 
This yields {535)1 . ' □ 

Proposition 6.22. Let £ G {6,7,8}. Every maximal Q G S (£|) is equivalent, 
modulo W, to a Qt,i, ai ,..., ak with G 3 and 

(6.24) ai, . . . , a k G <Sf, with (o>j\a h ) =0 VI < j < h < k. 

Proof. First we observe that any Q G £l s (£e) is equivalent, modulo W, to a set 
Q! G Q.(Sf) for some i with [£, i) G 3. We can write Q' = Qi,i m ,...,n e for a 
sequence 771 , . . . , rji of elements of <Sf . Indeed, we can take for 771 , . . . , r\i the sequence 
consisting of the elements of <2', listed in any order. Set ct\ — r\\. If Q' C Q^i, Ql , 
we have Q' = Qi y i, ai by maximality, and the thesis is verified. Otherwise, by 
the argument of the proof of Lemma |6.21[ Q! = Q Ql , 7l ,..., 7r . for some 71,... ,7,- G 
Q'fla^. Set a.2 = 71. Repeating the argument, either Q' = Q£.i, ai , Q2 , or, otherwise, 
Q' = Qai,a 2 ,iAi,-,Vs f° r a new sequence fii,. . . ,fi s G Q! fl {ai,a 2 } ± . The general 
argument is now clear, and the thesis follows by recurrence. □ 

Example 6.23. We have Q 8 ,i,/3 ,/3i, 2 = Qs,i,0 o A, 2 , 3 ,4A, 2 ,5,e,0i,2,T, s - 
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Remark 6.24. We have Qs,i,0 Q — Qs,i,Pi l a,p 3> i,p B ,e,P7,a' ^ n particular, the repre- 
sentation of the maximal symmetric Q given in Proposition 16 . 221 is not unique. 

We are interested in classifying modulo equivalence the maximal sets in Q(Sf) 
for (I, {) G H \ {(6, 1), (7, 3)}. Using Proposition ^. 22[ they can be parametrized by 
sequences of orthogonal roots. Modulo the action of Wf, they can be taken to be 
subsets of the following: 

(As xAi) ei+e 5 , e 2 + e 4 , /3i,2,6,7, 04,5,6,7, 

(D 6 X Ai) #6,8) 01,7, 02,5,6,7, 03,4,6,7, 

(A 7 ) ei+e 2 , e 3 + e 4 , e 5 + e 6 , #1,3,5,7, 01,4,6,7, 02,3,6,7, 02,4,5,7, 

(D 8 ) #o, #1,2,3,4) 01,2,5,6, 01,2,7,8, #1,3,5,8) #1,3,6,7) #2,3,5,7, 02,3,6,6, 

(E 7 X Ai) 01,2, 03,4, 05,6, 07,8- 

The group W| is transitive on the maximal systems of orthogonal roots of Sf when 
(£, i) G {(6, 2), (7, 1), (8, 2)}, Wj is transitive on the pairs of orthogonal roots of 
<Sj, and Wf on the triples of orthogonal roots of Sf. Thus we obtain 

Proposition 6.25. Every maximal element of Q s (£i) is equivalent to an element 
of Q.(Sf) for some (£,i) G B. The maximal elements of £l s (Sf) are conjugate to 

for (£,i) = (6, 1), either Q 6 ,i,/3 e 7 ,-0 1 8 or its opposite Qe.i.-ft, 7 ,ft 8 ; 

for (£,i) = (7,3) one of: Q 7j3 ,v 7 ,ei-e 6 > Q7,3,v 7 ,ei-e e ,et+e B > Or the 

opposite of one of the above; 

for (£, i) G {(6, 2), (7, 1), (8, 2)}, one of the Q L 

i,otx,—,otk> an d the equivalence class 
only depends on the number k of orthogonal roots; 

some 0,7,2,0.!,. ..,a k with a.\ — ei+e2, a 2 — £3+^4 when k > 2, and {03, . . . , ctk} C 

{e5 + e 6 , 01,3,5,7, #1,4,6,7, 02,3,6,7, 02,4,5,7} for 3 < k < 7, 

some Q8,i.Qi,....Q fc with a\ — 0o, ct2 — #1,2,3,4 when k > 2, — #1,2,5.6 when 
k > 3, and {a 4 , . . . , a k } C {#1,2,7,8, #1,3,5,8, #1,3,6,7, #2,3,5,7, #2,3,6,s} for 4 < k < 8. 

Example 6.26. (1) We have 

2s,l,/3 A.2,3.4 = {#0, #1,2,3,4} U {A,r, #i,M,r I !<*<4, i<0<h<4, 5<r<8 }. 

This set belongs to S (£ 8 ) \ 0t(£s)- 

(2) We have 

Q8,l,/3 ,/3i,2,3,4,/3i,2,5,6 = {#0, #1,2, #1,2,3,4, #1,2,5,6/ 

U {0i,j, 0i,h, 0i,k, 0j,h, 01,2,j,h, 0i,3,4,h, 0i,3,5,6 I i=l,2,i=3,4, fc=5,6, fc=7,8}. 

This set belongs to S (£ 8 ) \ 0t(£s)- 

(3) Let Q= Q8,lA.2,3,4,/3l,3,5, 6 ,/3l,3,5,8- TheI1 

Q = {A), #1,2,3,4, #1,3,5,0, #1,3,5,8, #1,2,3,5} U {#l,i | 2<i<8 } 

U{#2,3, 02,5, 02,8, 03,5, 03,6, #4,5}- 

Then Q G S (£ 8 ) \ Qy(£ s ), and is maximal. 

(4) Consider 

Q = Q8,l/3 ,/3l,2,3,4,/3l,2,5,6,/93,4,5,6,/3l,3,5,7 

We claim that Q G 0o(£s)' Indeed, (0 r , s \0i,j,h,k) > if and only if {r, s} n 
{i,j, h, k} ^ 0, hence 

{l,2,3,4}n{l,2,5,6}n{3,4,5,6}n{l,3,5,7}=0 =>■ /3 ij8 ^ Q, for i = 1, . . . , 7. 

The conditions (0 r , s \0i,j,h,k) > 0, (# a ,6,c,d|#»j,M) > are equivalent to {r, s} n 
{i, j, ft-, /c} 7^ 0, #{a, 6, c, g?} fl {z, j, h, k} > 2, respectively. Moreover, 

{01,3, 01,4, 01,5, 01,6, 02,3, 02,5, #3,5) #3,6) #4,5) #4,6) #4,7} C Q. 

Then we can easily show that Q cannot contain any root of type 0i,j,n,8 with 
1 < i < j < h < 7. Therefore a(E SA ) = 1 for all a G QftA, 2 ,3, 4 ,ft, 2 , s , 6 ,ft,4,6,6,ft,3,s,7' 
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(5) Consider Q= Q84,/3oA,2,3,4A,2,6,6A,3,6,7,/J2,3,6,8,/82,3,5,7,/8l,3,5,8- We haVe 

Q = {00, 01,2, Pl,3, 02,3, 03,5, 03,6, 01,2,3,4, A, 2, 3, 5) A, 2, 3,6) 01,2,3,7, 01,2,3,8, 

01,2,5,6, 3, 5, 67 /^l, 3, 6,77 02,3,5,6, 02,3,6,8, 01,3,6,8, 7 /?2, 3,5,77 /^l, 3,5,8}- 

Then Q is maximal in fl(£s) an d belongs to £3 S (£ 8 ) \ £ly(£$). 

(6) Let Q = Q8,l,/? ,/3l,2,6,7,/33,4,6,7,/3l,3,6,8,/32,4,6,8,/3l,4,7,8,/32,3,7,8- TllCn 

Q = {Ah 06,7, 06,8, ^7,87 2,6, 7 ; #3,4,6,77 /?1,3,6,87 02,4,6,8, 01,4,7,8, 02,3,7,s}- 

that Q is a maximal element of £}(Sf ), and that a(E) = 1 mod 4 for e f) 
defined by ei(S) = ••• = e 5 (£) = 0, e 6 (£) = e 7 (E) = e 8 (E) = -2. Moreover, 
QeQ T {K)\£lo(K). 

(7) The set 

Q8,2,/3 7 , 8 ,/3 5 , 6 = {/3 5 ,6, /?7,8> U {0i, r l<i<6, r=7,8 } U {e, + ej | 1<«J<6, (i,j)^(5,6) } 

is maximal and belongs to 0o(^s)- Indeed, a(Es,2) = 1 for all a e <2 8 ,2,/3 7i8 ,/3 5j6 ■ 

(8) The set 

Q8,2,/3 7 , 8 ,/3 5 , 6 ,/3 3 ,4 = {#3,4, /?5,6> U {ft, r 1<*<6, r=7,8 } 

U{e; + ej | l<i<J<6, (ij)#(3,4),(5,6) } 

is also maximal and belongs to fln(£s)- 

(9) The set 

Q8,2,/3 7|8 ,/3 5 , 6 ,/3 3 ,4,/3i,2 = {01,2, 03,4, 05,6, 07, a} U {/?;, r 1<*<6, r=7,8 } 

U{ej + ej I l<i<j<6, (i,j)#(l,2),(3,4),(5,6) } 

is also maximal and belongs to flo(£s)- 
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